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How do you describe a point process?

I Let X be a complete metric space, with µ a Borel measure.

I A point process is a random configuration of points in X .
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I Correlation intensitities (ρn), are defined by

E [N(D1) . . .N(Dn)] =

∫
ρn(x1, . . . , xn)dµ(x1) . . . dµ(xn), n > 1.
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I Correlation intensitities (ρn), are defined by

E [N(D1) . . .N(Dn)] =

∫
ρn(x1, . . . , xn)dµ(x1) . . . dµ(xn), n > 1.

I The Poisson process corresponds, e.g., to
ρn(x1, . . . , xn) = λ(x1) . . . λ(xn), dµ = dx .
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I Correlation intensitities (ρn), are defined by

E [N(D1) . . .N(Dn)] =

∫
ρn(x1, . . . , xn)dµ(x1) . . . dµ(xn), n > 1.

I A DPP is defined by ρn(x1, . . . , xn) = det
(
K (xi , xj)

)
16i,j6n
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Basic properties, assuming existence

I E[N(X )] =
∫
K (x , x)dµ(x).

I If K (x , y) is the kernel of a projection of rank r in L2(µ), then
X ∼ DPP(K , µ) has cardinality r , almost surely.

I Interaction can be read in

ρ2(x , y) = K (x , x)K (y , y)− K (x , y)K (y , x)

= ρ1(x)ρ1(y)− |K (x , y)|2 6 ρ1(x)ρ1(y).

if K (x , y) = K (y , x).

I For finite X , take µ to be the counting measure, the correlation
intensities read

PX∼DPP(K ,µ)(A ⊂ X ) = detK (i , j)i,j∈A = det KA.

6



Basic properties, assuming existence

I E[N(X )] =
∫
K (x , x)dµ(x).

I If K (x , y) is the kernel of a projection of rank r in L2(µ), then
X ∼ DPP(K , µ) has cardinality r , almost surely.

I Interaction can be read in

ρ2(x , y) = K (x , x)K (y , y)− K (x , y)K (y , x)

= ρ1(x)ρ1(y)− |K (x , y)|2 6 ρ1(x)ρ1(y).

if K (x , y) = K (y , x).

I For finite X , take µ to be the counting measure, the correlation
intensities read

PX∼DPP(K ,µ)(A ⊂ X ) = detK (i , j)i,j∈A = det KA.

6



Basic properties, assuming existence

I E[N(X )] =
∫
K (x , x)dµ(x).

I If K (x , y) is the kernel of a projection of rank r in L2(µ), then
X ∼ DPP(K , µ) has cardinality r , almost surely.

I Interaction can be read in

ρ2(x , y) = K (x , x)K (y , y)− K (x , y)K (y , x)

= ρ1(x)ρ1(y)− |K (x , y)|2 6 ρ1(x)ρ1(y).

if K (x , y) = K (y , x).

I For finite X , take µ to be the counting measure, the correlation
intensities read

PX∼DPP(K ,µ)(A ⊂ X ) = detK (i , j)i,j∈A = det KA.

6



Basic properties, assuming existence

I E[N(X )] =
∫
K (x , x)dµ(x).

I If K (x , y) is the kernel of a projection of rank r in L2(µ), then
X ∼ DPP(K , µ) has cardinality r , almost surely.

I Interaction can be read in

ρ2(x , y) = K (x , x)K (y , y)− K (x , y)K (y , x)

= ρ1(x)ρ1(y)− |K (x , y)|2 6 ρ1(x)ρ1(y).

if K (x , y) = K (y , x).

I For finite X , take µ to be the counting measure, the correlation
intensities read

PX∼DPP(K ,µ)(A ⊂ X ) = detK (i , j)i,j∈A = det KA.

6



A condition for existence

Theorem (Macchi 1975; Soshnikov 2002)

If K defines a self-adjoint, trace-class operator on L2(µ), then
DPP(K , µ) exists iff the spectrum of K in is [0, 1].

I For instance, take K (x , y) = ρ exp(−‖x − y‖2/α2) and µ Lebesgue.

I Fourier arguments1 show that the DPP exists iff

ρ(
√
πα)d exp(−‖παx‖2) 6 1,

1Lavancier, Møller, and Rubak 2014.
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A constructive proof of Macchi-Soshnikov2

Let K (x , y) =
∑

k λkϕk(x)ϕk(y).

1. sample Bk ∼ Ber(λk), for all k .

2. letting N =
∑

k Bk and

K̃ (x , y) =
∑
k>0

Bkϕk(x)ϕk(y),

sample
x1, . . . , xN ∼ det

(
K̃ (xi , xj)

)
16i,j6N

2Hough, Krishnapur, Peres, and Virág 2006.
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Numerical integration

The goal is to approximate

∫
f dµ =

∫
f (x)ω(x)dx ≈

N∑
i=1

wi f (xi ).

I How to choose the nodes xi?

I How to choose the weights wi?

Monte Carlo integration (importance sampling, MCMC, etc.)

I Choose the nodes randomly, and the weights wi = w(xi , x−i ).

I Typical error is √√√√E

[∫
f dµ−

N∑
i=1

wi f (xi )

]2

∼ 1√
N
.
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Projection DPPs

I Let (ϕk)k=0,...,N−1 be an orthonormal sequence in L2(µ).

I Let K(x , y) =
∑N−1

k=0 ϕk(x)ϕk(y).

Definition (Hough, Krishnapur, Peres, and Virág 2006)

X = {x1, . . . , xN} is the DPP with kernel K and reference measure µ if

x1, . . . , xN ∼
1

N!
det
[
K(xi , x`)

]N
i,`=1

dµ(x1) . . . dµ(xN).

1. If µ =
∑

x∈X δx , one recovers

P(A ⊂ X ) = det KA.

2. x1 ∼ 1
NK(x , x)dµ(x) so that E

∑N
i=1

f (xi )
K(xi ,xi )

=
∫
f dµ.

3. A natural choice of ϕk : Rd → R is orthogonal polynomials w.r.t. µ.
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Multivariate orthogonal polynomial ensembles3
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3Gautier, Bardenet, Polito, and Valko 2019.

12



Our first Monte Carlo result

Theorem (Bardenet and Hardy 2020)

Let µ(dx) = ω(x)dx with ω separable, C 1, positive on (−1, 1)d , and
satisfying a regularity assumption. Let ε > 0. If x1, . . . , xN stands for the
associated OPE, then for f C 1 vanishing outside [−1 + ε, 1− ε]d ,

√
N1+1/d

(
N∑
i=1

f (xi )

K(xi , xi )
−
∫

f (x)µ(dx)

)
law−−−−→

N→∞
N
(
0,Ω2

f ,ω

)
,

where

Ω2
f ,ω =

1

2

∞∑
k1,...,kd=0

(k1 + · · ·+ kd)

(̂
f ω

ω⊗deq

)
(k1, . . . , kd)2,

and ω⊗deq (x) = π−d(1− x2)−1/2.

I As you would probably have seen in PO Amblard’s talk4, for µ = dx ,
assumptions can be relaxed and K be taken such that K(x , x) ∝ 1.

4CoMaAm21.
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RKHSs are spaces of smooth functions with a kernel

I Consider the RKHS F with kernel κ, i.e. the completion of{
M∑
i=1

αiκ(xi , ·),M ∈ N, α1, . . . , αn ∈ R, x1, . . . , xM ∈ Rd

}
.

for the inner product defined by 〈κ(x , ·), κ(y , ·)〉F := κ(x , y).

I Under general assumptions, F ⊂ L2(dµ), is dense, there is an ON
basis (en) of L2(dµ) and σn → 0 such that, pointwise,

κ(x , y) =
∑
n>1

σnen(x)en(y).

I In that case, f ∈ F if and only if
∑

n σ
−1
n |〈f , en〉|2 converges.
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Quadrature and approximation in an RKHS

I Let f ∈ F , g ∈ L2(dµ) then∣∣∣∣∣
∫

fgdµ−
N∑
i=1

wi f (xi )

∣∣∣∣∣ 6 ‖f ‖F ∥∥µg −
N∑
i=1

wiκ(xi , .)
∥∥
F , (1)

where

µg =

∫
g(x)κ(x , .)dµ(x)

is the mean element of g .

I Once the nodes x1, . . . , xN are known, minimizing the RHS of (1) in
w boils down to inverting an N × N matrix.
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A DPP for quadrature in RKHSs: first attempt, sharper bound

Remember κ(x , y) =
∑

n>1 σnen(x)en(y).

Algorithm 1: DPP

I Take K(x , y) =
∑N

n=1 en(x)en(y).

I Let x1, . . . , xN ∼ 1/N! det[K(xi , xj)]dµ(x1) . . . dµ(xN).

I Solve the linear problem for the weights w1, . . . ,wN .

Theorem (Belhadji, Bardenet, and Chainais 2019)

Assume
∑N

n=1 |〈g , en〉|2 6 1. Let rN =
∑

m>N+1

σm, then

E
∥∥∥µg −

N∑
i=1

wiκ(xi , ·)
∥∥∥2

F
6 2σN+1 + 2

(
NrN +

N∑
`=2

σ1

`!2

(
NrN
σ1

)`)
.
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2nd attempt: volume sampling and tight rates

Algorithm 2: volume sampling

I Let x1, . . . , xN ∼ Z−1 det[κ(xi , xj)]dµ(x1) . . . dµ(xN)

I Again, solve the linear program for the weights w1, . . . ,wN .

Theorem (Belhadji, Bardenet, and Chainais 2020b)

Assume again
∑N

n=1 |〈g , en〉|2 6 1. Then

E
∥∥∥µg −

N∑
i=1

wiκ(xi , ·)
∥∥∥2

F
6 σN (1 + βN) ,

where βN = min
M∈[2:N]

[(N −M + 1)σN ]−1
∑
m>M

σm.

I It is known5 that inf
Y⊂F

dimY=N

sup
‖g‖ω61

inf
y∈Y
‖µg − y‖2

F = σN+1.

5Pinkus 2012.
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Volume sampling is a mixture of projection DPPs

I Remember κ(x , y) =
∑

n>1 σnen(x)en(y).

I For U ⊂ N∗ define the projection kernel

KU(x , y) =
∑
u∈U

eu(x)eu(y). (2)

For N ∈ N∗, we have

detκ(xi , xj) ∝
∑
|U|=N

(∏
u∈U

σu

)
1

N!
det(KU(xi , xj)). (3)
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Some graphical intuition on volume sampling

I Remember κ(x , y) =
∑

n>1 σnen(x)en(y).
I Let (eFn =

√
σnen) be ON in F .

Thursday	30	June	2022 16:57
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Many open problems

I Robustness to RKHS hypothesis / model choice.

I Practical relevance of RKHS hypothesis.

I What should g ∈ L2(µ) be in
∫
fgdµ?

I How do we efficiently sample from continuous volume sampling
without spectral knowledge? See e.g. Rezaei and Gharan 2019.

I Kernel interpolation is similar to column-subset selection for linear
regression6, where DPPs and VS yield similar bounds7.

6Derezinski and Mahoney 2020.
7Belhadji, Bardenet, and Chainais 2020a.
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