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Weak	Lensing	on	the	Ball	



What	is		
Gravita7onal	Lensing?	

•  Propaga7ng	photons	follow	
geodesics	in	space		

•  The	geodesics	are	distorted	from	
‘straight’				lines	by	the	presence	
of	massive	objects		

•  Amount	of	deflec7on	depends	on		
–  Geometry	of	the	lens-
observer-source	set	up		

–  Mass	of	the	lensing	object	

Figure	from	Bartelmann	&	Schneider	2003	



•  Abell	2218	(Draco)	
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The	weak	distor7on	is	simply	a	(very	small)	change	in	
ellip7city	of	a	galaxy			

Dark	Maaer	



Spin-0	Scalar	Maaer	over-density	field		

Spin-2	Projected	Ellip7city	Field		





When?	Now!	(and	only	geeng	beaer)	



Spherical	Sky	



3D	random	field	at	hypersurface	r(t)		
and	Fourier	transform		

Power	Spectrum	

Projected	Field	

Projected	Power	Spectrum	
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•  assuming	that	the	correla7on	of	the	underlying	field	is	restricted	to	small-scales		
•  over	such	scales	the	look-back	7me	is	approximately	equal	(r1	≃	r2	)		
•  therefore	either	P	(k	;	r1	)	or	P	(k	;	r2	)	could	be	used	instead	of	P	(k	;	r1,	r2	)	
•  The	geometric	mean	approxima7on	is	then	used	as	an	algebraic	convenience	such	that	the	

integrals	can	be	separated	

Equal-Time	Ansatz	



Perturba7vely	expanded	δ	at	order	nm	

Eikonal	phase	approxima7on	



Gaussian	Projec7on	Kernel	

Narrow	Kernels	
and/or	close	redshij	bins		

may	(or	may	not)	be	a	major	issue	–	more	work	needed	



Yes,	some	approxima7ons	are	available	–	more	on	these	later	–	but	full	case	is	hard	

Lommels	integral	test		
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Scalar	Maaer	over-density	field		

Spin-2	Projected	Ellip7city	Field		
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Complex	Field	 Spin-2	Spherical	Harmonics	

Spherical-Bessel	

Power	Spectrum	





Complex	Field	 Spin-2	Spherical	Harmonics	
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Spherical-Radial	





Real/Configura7on	Space	in	Angular	Direc7on		



Approxima7ons	
	
•  All	main	weak	lensing	results	use	approxima7ons	of	the	full	case	

•  Main	approxima7ons	all	used	in	combina.on:		
–  Limber	and	Pre-factor	Unity	 		
–  Hankel	transforms		
–  Binning	in	redshij,	‘tomography’		

•  i.e.	binned,	high-ell,	small	theta,	correla7on	func7ons	
	

•  Approxima7ons	(probably)	ok	for	current	surveys		
•  But	(probably)	not	for	next-genera7on	(Euclid,	LSST)	

Some	Approxima7ons	



•  Replace	Bessel	func7ons	with	
delta	func7ons	

•  Addi7onal	assump7on	of	no		
l-dependence	leads	to	lucky	
cancella7on	

1	

Limber	(1953)	-	Kaiser	(1998)	Approxima7on	



•  In	large	l-mode	case	l>>2	Wigner	d	
matrices	are	approximated	by	
Bessel	Func7ons	of	the	1st	kind	

l>>2	/	Hankel	Transform	Approxima7on	



★=applied	to	data	



kmax=1.5	h/Mpc	
Peak	k~0.5	h/Mpc	

kmax=5.0	h/Mpc	
Peak	k~2.0	h/Mpc	

For	all		
Redshi3s	
	

Kitching	et	al.	(2014)				

Good	Behavior	in		
wavenumbers	



•  Can	use	Pseudo-Cl	approach		
–  Note	slightly	different	from	CMB	–	need	to	generalise	to	3D	case		
–  (k	and	l-modes	mix)		

Masks	mix	modes	

Kitching	et	al.	(2014)				

CFHTLenS	W1	



Series	Convolu7on	

Some	Kurtosis	
But	not	sta7s7cally		
significant	

Real	
Imaginary	

From	Current	Data		



Real		Imaginary	 Per	k	and	ell-mode	



★=applied	to	data	



Mask	doesn’t	mix	
Modes	Fourier	modes	

Can	do	a	direct	transform	on	the	masked	data	



Sta7s7c	mixes	Fourier		
Modes	via	Hankel	transform	



	
	
Sta.s.cs	

	
	
Angular	
Scales	

	
	
Fourier	
scales		

	
	
Ease	of	Es.ma.on	
from	Data*		

Configura7on-Space		
	
Correla7on	func7ons	

	

✔						
	

	
	
	
	

Fourier-Space		
	
Power	Spectra		
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*Subjec7ve	es7mates	
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Fourier-Space		
	
Power	Spectra		
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Spin-Wavelets		

	

✔	 ✔	

*Subjec7ve	es7mates	



	

			Spin-Flaglets	
	

Stretching/	
Compression	



		
3D	transla7ons	

Stretching		



Data	

Theory	



Op7mal	Expansion?	Malyarenko	can	help?		

•  What	does	“op7mal”	mean?	
–  Highest	signal-to-noise	
–  Best/op7mal/minimal	sampling	
–  Smallest	parameter	error	for	par7cular	cosmology	
–  Fastest	in	terms	of	computa7on	

•  How	to	op7mise?	
–  How	to	determine	op7mal	basis	expansion	

?	



•  Can	generate	S2xR	“3D”	[sic]	“Ball”	[sic]	spin-2	power	spectra	in	a	number	of	ways		
–  Wavenumber	in	Angle	and	Radius:	Spherical	Bessel		
–  Wavenumber	in	Angle	Real-Space	in	Radius:	Spherical	Radial	“Tomography”		
–  Real-Space	in	Angle	and	Radius:	Correla7on	Func7ons		

•  Several	Approxima7ons		
–  Limber,	Hankel	:	mostly	benign		
–  Equal-7me	ansatz	:	maybe	benign,	not	clear	at	the	current	7me	(needs	much	more	work)	

•  Open	Ques7ons/Things	to	do			
–  What	is	the	op%mal	combina7on	of	power	spectra/correla7on	func7on	for	any	given	science	objec7ve		
–  What	is	the	op%mal	way	to	combine	with	galaxy	clustering	measurements	
–  What	is	the	op%mal	way	to	combine	with	CMB	measurements		
–  What	is	the	op%mal	expansion	(see	Malyarenko)	
–  Fast	3D	pixelisa7on	scheme/code	aka	“3D	Healpix”	currently	missing		

•  More:	the	shear	field	is	not	a	Gaussian	random	field	or	spin-2		
–  Higher	order	sta7s7cs		
–  Minkowski	func7onals		
–  Full	weak	lensing	case	also	has	spin-3	contribu7on	(very	small,	but	nonetheless	there)		

Conclusions	
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