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Abstract

Our aim is to construct and to study optimal designs

for the exponential model with correlated observations.

It will be shown that exact D-optimal design has

complex structure with respect to the correlation parameters.
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1. Introduction

Let the experimental results 1, ..., vy, be described by the regression equation

Y} :BTf(tj)+€tj7 J — 17"'7n7
where random values have zero mean and the covariance matrix of the form
COV(Yia ij) — 0-2(7:0(752775]) + (1 T 7)51,])7

where v € [0, 1], §; ; is Kroneker symbol and p(t;,%;) is a known function.
Suppose as usually (Hoel, 1958; Bickel, Herzberg, 1979), that the covariance
function depends on the distance between experimental conditions, i.e.

p(ti,t;) = p(ti —t;).
With v = 0 we have the case of uncorrelated observations.
With v = 1 the errors are said to have an autoregressive structure.
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1. Introduction

Yj :/BTf(tj)+5tja .] — 17”'7”7
f(t) is a given function, ( is the vector of unknown parameters.

Rewrite the regression model in a matrix form
Y=FIg+¢

where

Y = (yla---ayn>T7 b= (f(t1>f(tn))

The parameters can be estimated by the ordinary LSE and the weighted LSE.
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1. Introduction

The ordinary LSE of parameters is given by
B, = (FTF)71FTy,
and the covariance matrix of Bo has the form
Covf, = (FTF)'FTSF(FTF)~ .
Weighted LSE of parameters is given by
B=(FTs™'F)"'FTs~y
and covariance matrix of B have a form

CovB = (FTs1F)~ 1.

The goal of the experimental design is to determine a design

£ ={t1,...,t,} which minimize the determinant of Cov/3, that means

minimization of confidence ellipsoid’s volume.
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2. The exponential model

Y, =n(t) + e, nt)=ae™®, t;€lc,0), i=1,...,n,
Cov(Vy,,Yy,) = a?e Ml X > 0,

where )\ is some constant, which characterizes the level of correlation.
We can assume without loss of generality that 0 =1 and ¢ = 0.
This model with uncorrelated observations was studied by many authors.

The covariance matrix of the weighted LSE of 3 = (a, b)! equals
Cov(B) = (FTL~1F)~1 (Fedorov, Hackl, 1997), where

Y:(iftlw“aytn)Ta FT:FgT:(f(tl)aaf(tn))v

£(£) = (0n/0a, 00 /0)T, ¥ =T = (e774])

1,7=1,...,n

Definition. An exact locally D-optimal design maximizes det M (£) where
M(&) = M(§,a,b,\) = FI'S'Fe.
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3. Locally optimal designs

As it was shown in (Dette, et.al., 2006), the information matrix can be presented
in the form M(§) = F £T %T%Fg where Vg is a 2-diagonal matrix given by

Ve = (vij)s vii =13, Viji—1 = —8;, 11 =1, 51 =0,

r; = 1/\/1 _ 6_2>\(ti_ti_1), S; = 6_>\(ti_ti_1)ri,

¢t =2,...,n. From the Cauchy-Binet formula we obtain the following expression
for the determinant of the information matrix

det M (¢, a,b,)\) = a” Z 6_2b(ti+tj)¢2(tz’7ti—17tjatj—l)a
1<i<y<n

where
¢(t737 ti—1, tjv tj—l) —
(1_6—(>\—b)di)(tj_tj_le—(A—b)dj)_(1_6—(>\—b)dj)(ti_ti_le—(A—b)di)
(1 _ 6—2)\di)(1 _ 6—2>\dj) ?

di ={; — ti—l, dj = tj — tj_l.
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4. Analytical results

Lemma. Let £ =&*(a,b,\) = {t],...,t:} be a locally D-optimal design for the
exponential model with correlated observations. Then
1) The design £* does not depend on a.

2) The first point of the design is equal to zero, that is t] = 0.
3) The points of the design &* satisfy

1
t; (70,7A) = — t7(b, A)
Y
for any v > 0.

Since it is impossible to obtain the design explicitly further analysis will be based
on a numerical calculations and the functional approach developed in (Melas,

2006). This approach allows one to construct a Taylor series for the support
points of optimal designs as functions of some parameters.
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5. The case n = 2

For the 2-point design £ = {0,t2} we have

t2€_2bt2
det M (ty) = det M (ta,b,\) = —2

It is easy to see that det M (t2) has a unique maximum for all fixed b and .
Let u* be a unique solution of the equation

2
= — 4 =
U

on u € (—00,0). A direct calculation shows that the second point of the
D-optimal design equals

_u*

2\

ty(b,A) =

As A — oo, we obtain t3(b, \) — 1/b.

This means that the locally D-optimal designs for correlated observations tend
to the locally D-optimal design for independent observations when correlation is
decreasing (as A — oo) for n = 2. The same is true for n > 2.

A. Pepelyshev — p.10/21



Exact n-point locally D-optimal designs {0,t5(\), ...,

n=2345.

Figure of design points
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6. The case n = 3

Due to the Theorem 1 it is sufficient to investigate locally optimal designs for
fixed b. Let b = 1.

1 12 14 o

Let A* be the value of A such that the function det M (¢5,t3) has equal maxima.
A direct computation shows that A\* ~ 0.22367. Thus, points of a locally optimal
design are discontinuous at A = \*.
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6. The case n = 3

In order to study a locally optimal design for small A, we note that

det M (to, t3, A Z M ;) (t2, t3) A
j=—2

Thus, nonzero points of locally D-optimal designs tend to points which maximize
M(_Q)(tz,tg) as A — 0.

Table contains locally D-optimal designs {0,t5(\),t%(\)} for some special values
of A with b =1, A\* = 0.22.

A 0 =0 M+0 o .
t5(A) | 0.5395 0.5703 0.3401 1 2:
t5(\) | 3.3560 3.2386 0.8870 1 3

107 10" 10° 10" 10°
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6. The case n = 3

The implementation of the functional approach in Maple (Melas, 2006) gives the
following expansions. The expansions
t5(A) = 0.5395 + 0.1096 X + 0.1156A2 + 0.1077)\° + . ..

t5(N\) = 3.3560 — 0.6662\ + 1.8098\% — 2.2812)\3 + . ..

converge for A € (0, \*). Expansions

t5(\) = 0.5087 + 0.2687(A — 1) — 0.0541(A — 1)? — 0.0813(A — 1)
t5(A\) = 1.3056 — 0.4326(\ — 1) + 0.4930(\ — 1)* — 0.0819(\ — 1)
converge for A € (A\*,2). Expansions

t5(\) = 0.6911 — 0.3836(v — 1/2) — 0.3161(v — 1/2)% + 1.14(v — 1/2)3 + . ..
t5(\) = 1.5177 — 0.0556(v — 1/2) — 1.4224(v — 1/2)? + 1.74(v — 1/2)3 + .. .,
where v = 1/X converge for A € (1, 00).
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7. The case n =4

Numerical calculations show that the points of a locally D-optimal design are
discontinuous at two points, say A* and A**. Table contains locally D-optimal
designs {0,t5(N),t5(A),t5(A)} for some special values of A with b= 1.

A 0 AF=0  A*+0 AF=0 A"+ 0 o0

(\) | 0.3288 0.3462 0.2491 0.6966  0.2030 0
t5(\) | 0.8669 0.8919  0.5841 1.0074  0.9250 1
(\) | 3.4058 3.3611 1.1180 1.3133 1.2490 1

) /\——“—
0 L s o T 3 i o) \‘H
10 10™ 10° 10" 10°
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8. Maximin designs

Note that the implementation of locally optimal designs in practice requires a
prior guess for the unknown parameters. This can raise confusion for an
experimenter. The notion of maximin efficient designs seems to be more
attractive and useful in practice (Muller, 1995).

The D-efficiency of a design £ is given by

det M(¢,8) 17
eff p(&) = effp(&,a,b,\) = det E(fl*(g(ﬁ_ﬂ)) B)

where 3 = (a,b,\) and &}, _ is a locally D-optimal design. It is easy to see that
the efficiency does not depend on a.

Definition. A design £* is called a maximin (efficient) D-optimal design if it
maximizes the worst D-efficiency over some set of the parameters €2.
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8. Maximin designs

Lemma. Let £* = £*(Q) = {t7,...,t:} be a maximin D-optimal design for the
exponential model with correlated observations. Then

1) The first point of the design equals zero, that is t] = 0.

2) The points of the design £* satisfy

£0D = Z 6@,

(

for any v > 0.
Consider a set €2 of the form

— o (1—2)[)0 < bS (1+Z)b07
Q:Q(z):{ﬁz(a,b,)\).a—l, (1—z))\o§)\<(1+2))\0}7

which seems appealing from a practical point of view. Values by and Ay are the
initial guess and z can be interpreted as a relative error for the guess.
To study maximin designs £*(z) we implemented a special case of the functional

approach introduced in (Melas, Pepelyshev, 2006). For example, suppose that
b():land)\():l.
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8. Maximin designs

Following the functional approach we obtain the expansions

To(2) = 0.5088 — 0.188722 — 0.02632* — 0.43402° + 12.77212% + . . .,

r3(2) = 1.3056 + 1.850522 + 5.76582% + 18.4382° + 89.79392% + . ..

which converge for z € [0,0.4). These points are depicted in Figure 18, which
also shows the dependence of the minimal efficiency of maximin designs and the

equidistant design {0,0.65,1.3} on z. We see that the maximin designs are more
efficient than the equidistant design.
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Exact 3-point maximin D-optimal design £*(z) = {0,t5(z),t%(2)} with b =1 for
n = 3 (left), and the minimal efficiencies of the maximin design £*(z) and the
equidistant design {0,0.65,1.3} over €2(z) (right).
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A comparison of designs for different n

Suppose that we have a restriction on the number of random processes and do
not have a restriction on the number of experimental points for each process.
Thus it is interesting to compare locally D-optimal designs supported in different
numbers of points. Let b =1, A = 1. We use the efficiency defined by

eff ,(&n) = /det M(&,)/det M (€,). We obtain that eff(&,) equals

n 3 4 5 § 7
effa(&,) 1.125 1.173 1.196 1.210 1.218

We see that the quantity of information is increasing very slowly with the
number of design points.
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9. Concluding remarks

In the exponential regression model with an autoregressive error structure
exact D-optimal designs for weighted least squares analysis are
investigated. It is shown that optimal points are discontinuous with respect
to the level of correlation. This result is in agreement with the results
obtained in (Stehlik, 2005; Dette, Kunert, Pepelyshev, 2006).

Maximin D-optimal designs which are robust with respect to parameters of
model and correlation parameter are investigated. These designs are
constructed and studied by means of the functional approach.
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