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Symbolic method of cumulants for subordinated
Brownian motions: the variance gamma case

Elvira Di Nardo!, Patrizia Semeraro?

With symbolic calculus we mean a set of manipulation techniques aiming at per-
forming algebraic calculation [4]. Symbolic calculus applies to Lévy processes since
we can represent a Lévy process through its time one moment generating function,
which has the following expression:

M(z) = exp{(K(2) = 1)}. (1)

In the ring of formal power series IR[[z]], equation (1) is well defined independently
of convergence radius [9]. Moreover if M(z) and K (z) have the following formal
power series expansions:
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then {¢;} are said the formal cumulants of {a;}. Comparing (2) with (1), {¢;}
result to be cumulants of the time one distribution of the Lévy process and the
moments of the Lévy process are sequence of binomial type whose coefficients are
{Ci}.

Using this approach subordination of Lévy processes (see [1] and [8] as refer-
ences on Lévy processes and subordination) becomes a formal series composition
of cumulant generating functions. Therefore, using Fad di Bruno formula [4] we
can calculate the cumulants of a subordinated Lévy process starting from the
cumulants of the subordinand and of the subordinator.

Our aim is to develop an estimation procedure of the parameters of subordi-
nated Brownian motions based on polykays. Polykays are corrected estimators of
cumulant products with minimum variance [7]. We propose to apply this method-
ology in financial applications. In fact, subordinated Brownian motions are widely
used to model asset returns, having the subordinator the appealing interpretation
of economic time. In this framework, a famous subordinated Brownian motion is
the variance gamma process [5], which is constructed using a gamma subordina-
tor. Its time one moment generating function is therefore the composition of the
moment generating function of a gamma process and a Brownian motion:
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logM(z):;log v>0 pelR, o>0. (3)
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Since the estimate of the variance gamma parameters is still an open issue ([2], [3]
and [6]), we apply our procedure to this model.

References

[1]

2]

Barndorff-Nielsen O.E., Pedersen J., Sato K.I. Multivariate Subordination,
Self-Decomposability and Stability. Adv. Appl. Prob., 2001, v. 33, p. 160-187.

Bee M., Dickson M.M., Santi F. Likelihood-based risk estimation for variance-
gamma models. Stat. Methods Appl., 2017, p. 1-21.

Cervellera G. P., Tucci M. A note on the Estimation of a Gamma-Variance
Process: Learning from a Failure. Comput. Econom., 2017, v. 49, N. 3, p.
363-385.

Di Nardo E. Symbolic calculus in mathematical statistics: a review. Sém.
Lothar. Combin., 2015, v. 67, pp. 72.

Madan D.B., Seneta E. The v.g. model for share market returns., J. Bus., 1990,
v. 63, p. 511-524.

Madan D.B. Efficient estimation of expected stock price returns. Financ. Res.
Lett., 2017, v. 23, p. 31-38.

McCullagh P. Tensor Methods in Statistics. Monographs on Statistics and Ap-
plied Probability, Chapman & Hall, London, 1987.

Sato K.I. Lévy processes and Infinitely divisible distributions. Cambridge stud-
ies in advanced mathematics, Cambridge University Press, 2003.

Stanley R.P. Enumerative Combinatorics. v. 1, Cambridge University Press,
Cambridge, 1997.



