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On the interval right censored data with

unobserved status after censoring
Irina Yu. Malova1, Alexandre Berred2 and Sergey V. Malov3

We consider the interval censoring approach for right-censored survival data.
Right-censored event times are not observed exactly, but at some random inspec-
tion times. Status of each individual becames not observable just after censoring.
We discuss crucial properties of the maximum likeihood estimator and investigate
asymptotic properties of the estimator.

1 Introduction

Let T and U be independent failure and censoring times respectively, having dis-
tribution functions F and G respectively. Right censored observation is given
by the event time X = T ∧ U and the indicator δ = 1I{T≤U}. In practice often
the event time is not observed exactly, but at some random observation times
0 = W0 < W1 < . . . < Wk <∞, having common distribution J , which divide the
time line into a fixed number of r disjoint finite intervals I1, . . . , Is: I1 = [0,W1],
Ik = (Wk−1,Wk], k = 2, . . . , s, and the infinite interval (Wk,∞). We use notation
J for the common distribution function of W = (W1, . . . ,Wk). The intrval right
censored observation is given by the set of dummy variables ηi = 1I{T∈Ii;U>Wi}
and νi = 1I{T>Wi−1;U∈Ii}, i = 1, . . . , k. Interval right censored data is a sample
from the distribution (W , ν, η).

The Kaplan–Meier estimator [3] is the nonparametric maximum likelihood es-
timator (NPMLE) in this case. Asymptotic properties of the Kaplan–Meier esti-
mator are well developed [1]. The iterative convex minorant algorithm to create
NPMLE from interval censored data and the asymptotic behavior of the NPMLE
due to [2]. The nonparametric estimate from interval right censored data with
observed status after censoring was developed by [M], the particular case of the
life time data was considered in [5]. The particular case of the interval right cen-
sored data with unknown status after censoring under fixed observation times and
the corresponding categorical survival tests was given in [6]. We consider NPMLE
from a sample of interval right censored data with unobserved status after censor-
ing under random observation times and discuss its asymptotic properties.
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2 Formulation of the problem

Assume that (Tj , Uj) be a sample from the distribution of (T,U) and (W1, . . . ,Wn):
Wj = (W1j , . . . ,Wkj), 0 < W1j < . . . < Wkj be a sample from J ; I1i = [0,W1i]
and Ii = (Wi−1,Wi], j = 2, . . . , k, i = 1, . . . , n. The observed data are Wij

ηij and νij , where ηij = 1I{Tj∈Iij ;Uj>Wij}, νij = 1I{Tj>Wj−1;Uj∈Iij}, j = 1, . . . , s,
i = 1, . . . , n. The log likelihood function can be written as the sum LL(F,G) =
LLf (F ) + LLc(G) with

LLf (F ) =
∑n

j=1

∑k
i=1

{
ηij log(F (Wij)− F (Wi−1j))

+ νij log(1− F (Wi−1j))
}

+ (1− η•j − ν•j) log(1− F (Wk))

and

LLc(G) =
∑n

j=1

∑k
i=1

{
νij log(G(Wij)−G(Wi−1j))

+ ηij log(1−G(Wij))
}

+ (1− η•j − ν•j) log(1−G(Wk)),

where η•j =
∑k

i=1 ηij and ν•j =
∑k

i=1 νij , j = 1, . . . , n. In the particular case of
k = 1, LLf (F ) =

∑n
j=1 ηj logF (Wj) + (1− ηj − νj) log(1−F (Wj)) and LLc(G) =∑n

j=1 νj logG(Wj)+(1−νj) log(1−G(Wj)) and the maximum likelihood estimators

(MLE) for the distribution functions F and G can be obtained from LLf and LLc

using convex minorant algorithm. In general case of k > 1, the MLE can be
created using a special case of the iterative convex minorant algorithm.

Consistency and a rate of convergence as well as some problems in obtaining of
weak convergence will be discussed. Some features of the case of fixed observation
times will be discussed too.
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