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Abstract. Group testing problems are considered as examples of discrete search prob-
lems. Existence theorems for optimal nonsequential designs developed for the general dis-
crete search problems in [1] are applied for construction of upper bounds for the length
of optimal group testing strategies in the case of additive model. The key point in the
study is derivation of analytic expressions for the so-called Renyi coefficients. In addition,
some asymptotic results are obtained and an asymptotic design problem is considered. The
results particularly imply that if the number of significant factors is relatively small com-
paring with the total number of factors then the choice of the test collections all containing
a half of the total number of factors is asymptotically optimal in a proper sense.
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1 Introduction

Group testing, known also as factor screening and search for significant factors, is a vast area
with many papers developing both theoretical and applied aspects. A general statement
of the group testing problem that covers many particular statements is as follows. Assume
that n factors (elements, items, variables, etc.) z1,...,x, are given and some of them
are defective (significant, important, etc.). The problem is to determine which factors are
defective by testing several factor groups, that is subsets of the set X = {z1,...,z,}. The
problems differ in

(i) prior information concerning the number of defective factors,
(ii) constraints on the test groups, and

(iii) information we are getting by inspecting the groups.
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This work is concerned with the problems determined by

(i) the number of defective factors is either equal to or not greater than ¢ where ¢ is a
given number, 1 <t < n,

(ii) there is either no constraints on the test groups or the groups contain exactly s
elements or the groups contain s elements or less, 1 < s < n, and

(iii) by inspecting a group Z,Z C X we receive a number of defective factors in Z (
additive, or quantitative model).

Also, we only consider the nonsequential strategies (called also static, nonadaptive, passive,
etc.) when all tests have to be specified without knowing the outcomes of other tests.

The paper by R.Dorfman [2]|, devoted to sequential procedures of blood testing for
detection of syphilitic men, is usually considered as the first work on the theory of group
testing. The blood testing and many other practical problems are described by the binary
model where by inspecting a group Z one receives 1 if there is at least one defective in
7 and 0 otherwise. This model is perhaps the most important and well studied. During
more than 50 years of the history of the group testing many other mathematical models
have been also developed and advanced results have been achieved. Among many classical
papers in the field of group testing we mention only several dealing with statistical and
probabilistic aspects: [3, 4, 5, 6]. A recent monograph [7] covers the major part of the main
achievements in the group testing theory. The readers mainly interested in applications
may also find very useful the collection of papers [8].

In the present work we apply the probabilistic method of [1] to prove the existence of
nonsequential designs that detect all defective factors by performing N tests where N is
called the length of the design and small values of N are preferable. The probabilistic
method for proving existence theorems for nonsequential search designs was proposed by
A.Renyi in a classical paper [6] and since then it was applied to different search problems,
examples can be found in [7] and the forthcoming monograph [9].

Section 2 formulates the problem of group testing as an example of a general search
problem and provides general existence theorems. In Section 3 upper bound for the length
of optimal strategies are established in some particular cases. Section 3 can be regarded as
an introduction to Section 4 where the general case is solved. In Section 5 a problem of an
asymptotically optimal experimental design is considered where a design set rather than
design points is to be chosen in an optimal way.

We do not consider the important problem of finding strategies with small length N.
We refer to [10] for construction of sequential algorithms in the case when the number
of defective factors is either known or bounded and to [11, 12] for design construction in
particular cases. In this respect we also mention a well-known paper [5] which not only
considers some schemes of design construction but also demonstrates a lot of interesting
properties of design matrices for a group testing problem being more general than the
problem considered in the present work.

In asymptotic considerations we only consider the case when the number of defective
factors is small compared to the total number of factors n. This is the main point which



makes the difference between the asymptotic results of the present paper and the results
obtained in a series of papers [13, 14, 15] where the nonsequential group testing problem for
the additive model is considered with no constraints on both the test groups and the number
of defective factors. The above papers yield the result N, ~ loz;‘n, n — oo, for the minimal
length of a nonsequential strategy which guarantees detection of all defectives. We show
that if the number of defective factors is small compared to n then typically Ny, < clogn
for some constant ¢ which does not depend on n but may depend on information concerning
the number of defectives, constraints on the test groups and required probability of correct

decision.

2 Group testing as a search problem, general exis-
tence theorems

2.1 General discrete search problems

Our approach is to consider group testing problems from a general view of discrete search.
To do this let us start with a rather general formulation of discrete search problems which
is borrowed from [1].

Definition 2.1. A discrete search problem is a triple (7, X, f) where 7 = {T'} is a
target field, that is a collection of all possible target combinations 7', X = {X} is a test
field, that is a collection of all possible test combinations, and f: X x 7 — ) is a search
function mapping X x 7 to some space ).

A value f(X,T) for fixed X € X and T' € 7T is called a test result at a test combination
X when the unknown target combination is 7T'.

Definition 2.2. A target T € T is achievable if for any other T° € T there exist X € X
such that f(X,T) # f(X,T'). A search problem {7, X, f} is solvable if every T € T is
achievable.

If a search problem is not solvable then there exist targets which are impossible to find.
We shall only consider the search problems that are solvable.

For the group testing problems both X and 7 are certain collections of factor groups.
We mainly consider the problems when 7 is either G; or G<; and analogously X is either
Gs or G<s. Here 1 <t <n, 1 <s < n, nis the total number of factors,

gk:{{lﬁl,,l’%}, 1§21<Zk§n} (1)
is the collection of all factor groups containing exactly k factors,
k
Ga=UG (2)
=0

is the collection of the groups containing k factors or less. As for the test function, we only
consider the function f(X,T) = |X NT| where |A| denotes the number of elements in a set
A. This corresponds to the so-called ”additive group testing” model.



2.2 Strongly separating designs

Definition 2.3. A nonsequential design Xy of a length IV is a collection of test combina-
tions Xy = {Xy,..., Xy} which are chosen before the observations start.

If we apply a nonsequential design then for any i > 0 the test results f(X;,7),...,
f(X;-1,T) can not be used to select X;. We shall not consider other types of designs and
will usually omit the word "nonsequential” while referring to a nonsequential design.

To ensure that a design Xy finds an unknown target 7" whatever the target T" € 7 is,
the design should separate all T' € 7, that is to say to be strongly separating.

Definition 2.4. A design Xy = {X1,..., Xn} separates T in T if for any T € T, T" #
T there exist a test group X € Xy which separates the pair (7,7") that is f(X,T) #
F(X,T"). A design Xy is strongly separating if it separates all T in 7.

The following basic result of [1] will be used to establish the existence of the group
testing strategies.

Theorem 2.1. Let (T, X, f) be a solvable search problem, |T| =M > 4, |X| = R, and
for a fited T;,,T; € T (1<j<i<M) letk;; =k(1;,T;) be the number of X € X such
that f(X,T;) = f(X,T}), that is

ki =X e X: f(X,T) = f(X,T))| for T}, T; €T. (3)

Then there exists a nonsequential strongly separating search design with the sample size

M i—1 k
N < N*:min{k:zl,Q,...suChthat ZZ( ) } (4)

=1 7=1

The proof can be found in [1, 9]. However, for the sake of completeness we outline the
proof of the theorem.

Proof. Let us consider the test groups X; € Xn (i = 1,..., N) as uniformly distributed
on X mutually independent random elements and estimate the probability ¢ that at least
one N-collection of these random elements constitutes a strongly separating design X .
Let A;; be the event that T; and 7j are not separated by all X; € Xy. By independence,

Prob(4;;) = (%)N Then 1 — gn = Prob(U;<;A;;) is the probability of that the random

design Xy is not strongly separating. But

N
Prob(U;<;A ZProb Z (k}g)
1<j 1<j

where the fact that the inequality is strict follows from dependence of random events A;;
for M > 4. The first value of N, such that the right hand side of this inequality is smaller
than or equal to 1, gives (4). O

The sampling procedure above for X; € X corresponds to the random sampling from
X with replacement. If to use the random sampling from X without replacement then the
same arguments lead to the upper bound for the length of the optimal design

N < N*:min{k . z;;kﬂ i 1)).'.'_'52”__]{7]143)1) < 1} (5)
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where we use the assumption g = 0. This upper bound is always smaller than or equal to

(4) but it is a little more complex to compute. For large enough values of R = |X| we do
not know cases when the estimates (4) and (5) are different. Therefore, we shall always
compute (4) and use (4) in asymptotic considerations. Computation of (5) is analogous
and all asymptotic conclusions are the same for (4) and (5).

Computation of (4) and (5) for a particular search problem corresponds to an existence
proof of a strongly separating design Xy of the length N < N* or N < N*. Derivation
of formulas for the coefficients (3) implies the derivation of the upper bounds (4), (5) and
constitutes the main objective of the present work. A general case will be considered in
Section 4.

2.3 Weakly separating designs

Strongly separating can be weakened to say that the problem is solved for most targets in
7.

Definition 2.5. Let a search problem (7, X, f) be solvable and v be a fixed number,
0 <~ <1. A design Xy is called y-separating design if

| {T € T : design ‘X,}V ‘separates TinT}| S 1. (6)

Note that the definition of 7-separating designs can be generalized to the case when
there is a nonuniform prior measure on 7 and that in the present notation 0-separating
designs are exactly the same as strongly separating designs.

The difference between the concepts of strongly separating and ~-separating designs is
as follows. If one has to construct a design which separates all the targets then he should
use a strongly separating design. However if one has got a search problem and he would be
satisfied with a design that solves his problem in a majority of cases then it is worthwhile to
use a y-separating design. As we shall see later one can typically guarantee the existence of
~v-separating designs with a much smaller length than for the strongly separating designs.

The following theorem is a generalization of Theorem 2.1 for the case of y-separating
designs.

Theorem 2.2. Let (T,X, f) be a solvable search problem, |T| =M > 2 and |X| = R,
0 < v <1 be a firzed number and k;; be defined by (3). Then there exists a non-sequential
v-separating design with sample size

M A\ F
NgNyzmin{kzl,Q,m:ZZ(%) <M%}, @

i=1 j#i

Proof. The proof is analogous to the proof of Theorem 2.1, the difference is that we do
not need to separate all pairs of different 7;,7; € T: for fixed T; € 7 the probability of
that 7; is not separated from at least one Tj € 7 after N random tests is less than or equal

to >,z (%)N and we have 1 -3, (%)N as a lower bound for the probability of that T;

is separated from all others T; € 7. Summation over ¢ and the use of (6) implies (7). O



Note that the values of v < % are meaningless and the asymptotic formula (4) for
the case of strongly separating designs almost coincides with (7) for v = % (The only
difference is that we have strict inequality inside the curly brackets in (7).) Note also that
analogously to derivation of (5) one can use random sampling without replacement in X" as
a randomization scheme and get formulas analogous to (5).

Another interpretation can be given to the value NV, determined via (7). Indeed, assume
that the target 7' is uniformly distributed in 7 and we are interested in the probability
of separation of T" by independent randomly selected test groups X;, ¢ = 1,..., N, in X.
Then the proof of Theorem 2.2 shows that for NV > N, the probability that a random design

{Xi,..., Xy} separates an unknown target 7' € 7 is > 1 — .

3 Examples

This section provides some simple examples where straightforward computation provides
the desired result and gives an insight into the general case. All results of this section can
be obtained as consequences of general results of Section 4.

3.1 One defective element

The assumption of this subsection is that the number of defective elements ¢t = 1. This
means that 7 = G, i.e. the target set 7 = {T11,...,T,} consists of n one-element sets
T, = {x;}, i = 1,...,n. In the case t = 1 the test function f(X,T) = |X NT| assumes
values on the two-point set {0,1}. This problem was considered in a number of papers
6, 16, 17]

The main reason to the simplicity of this case is that the coefficients k;; defined by (3)
do not depend on i, j for all sets X we are considering. According to [6] the case when k;;
do not depend on 7, is known as homogeneous of order 2 and the existence theorems of
the group testing designs have been established mostly for this case. The method used to
prove the existence is a particular case of the method of the present paper and is known
as the method of random design. Essentially all results of this section can be found in [6].
Better upper bounds for the case 7 = Gy, X = G, have been obtained in [16] and [17].

Different situations arise depending on the assumption on the collection of test sets X.
Consider first the case when there are no restrictions on the test sets, that is X = G<,,.

Theorem 3.1. Letn >4, 7 =Gy and X = G<,,. Then kij = 2" for any T;,T; € T
(T, #Ty), and

N* = min{k: < Z ) (;)k < 1} = [logyn(n—1) —1], N, = [logy(n — 1) —logy 7] (8)

where [a] denotes the smallest integer larger than or equal to a.
Proof. Note first that R = |X| = 2". To compute k;; let us fix two different sets
T;,T; € T, note the form T; = {z;} for them and represent k;; = |X,| + |X1| where

X —{X € X: [(X,T)) = [(X,T}) = k}. (9)
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The set Aj consists of all non-empty subsets of the (n — 2)-element set X \ {z;,z;} and
therefore the number of elements in it equals

n—2 n—2 _—

k=0

The number of elements in X, also equals |X;| = 272 since X; contains the factor groups
consisting of either z; or x; and any other factors, i.e. any elements from the set X\ {z;, z;}.
Formulas (8) follow now from (4) and (7) . O

Corollary 3.1 Under the assumptions of Theorem 3.1 there exists a strongly separating
design of the length
N < [2logyn —1]. (10)

The formula (10) in its asymptotic form N ~ 2log,n, as n — oo, is well known [6]
in the theory of group testing as an upper bound for the length of the optimal strongly
separating design obtained by the method of random design. Note also that the optimal
design, which uses orthogonal arrays to construct optimal designs, is also well known and
achieves a better order N ~ log,n, n — oo.

Theorem 3.2. Assume thatn >4, T =G, X =G, 2<s<n—2. Then

n—2 n—2 s(n —s) n
k"”"( s >+<8—2>‘<1‘2n<n—1>)<s>‘
for any T;,,T; € T (T; # T;) and

N* = [Cps(logon(n—1) = 1)], N, = [Cys(logy(n — 1) —logy7)] (11)

where Cp, s = —1/log,(1 — 27;9(%—_18)))‘

Proof. The proof is similar to the proof of Theorem 3.1. The difference is in that
R=|X|= ( Z ) and for | X,| and |X;]:

n—2 n—2
|Xo|—( 3 ) |x1|—(8_2).

These formulas follow from that X contains all groups of s factors taken from the factor
collection X \ {z;,z;} and A consists of the factor groups which include either z; or z;
and any s — 2 factors from the set X \ {z;, z,}. O

When n — oo one can easily get the asymptotic form of N* in (11):

21
* o 089 Z(nis) , N — 00, (12)
—log,(1 = 775

and, if there is a freedom in selection of s, one can consider the problem of an asymptotically
optimal choice of s minimizing the right-hand side of (12). This is a kind of experimental
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design problem since a choice of s determines the choice of the set X where we perform
observations.

Assume that n — oo, s = s(n) — oo, 2 — X where \,0 < A < 1, is a number to be
chosen. Under this assumption, (12) can be rewritten as

2logy

N* ~
—logy (A2 + (1 — \)2)’

n — 0o, (13)

Obviously, the minimal value of the right-hand side of (13) is achieved for A = % and
equals 2log, n (which coincides with the asymptotic formula for N* in the case above when
X = G<,). It is also easy to see that if A = 0 or 1 then we do not get the logarithmic order
of the rate of N* = N*(n), n — oc.

In Section 4 we will show that the asymptotic considerations in the general case lead to
basically the same conclusions concerning the choice of s.

3.2 Two defectives

Assume first that there are exactly two defectives, i.e. 7 = G, and there are no restrictions
on the test sets X.
Theorem 3.3. Let T =Gy, X =G<,,, n > 4. Then

N*:mjn{kzl,Q,...:3(2)(2)k+3<g><;>k§1}. (14)

Proof. Fix a pair of different sets 7;,7; € 7, and note that they both contain two
elements with at least one element different. Consider first the case (i) when |T; N T;| = 0,

i.e. when the sets T, T} consist of different elements. Note that there are 3 Z different
pairs {7}, 7T} consisting of different elements.
Since the test function f(X,7) = |X N T| can get one of three values 0, 1,2 we can

represent
2

kij = 1] (15)

=0
where X are defined by (9).

The set Aj contains all factor groups containing factors from the set X \ (7; UT;) which
contains n — 4 factors. Therefore

“(n—-4
k=0

The set X consists of the factor groups which contain one factor from 7;, another factor
from T}, there are 4 different ways to select these two factors, and any combination of the
factors from the set X \ (7; U T}). This gives

\X1|:4k§:o< I >:2
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The set X, includes the factor groups with all four factors from 7T; and 7T} and any combi-
nation of factors from the set X \ (7; UTj). This gives

n—4 n—4 s
[Aal =3 | =2

k=0

Altogether the above formulas give k;; = 32" for the case (i).
Consider now the case (ii) when the two-element factor groups 7; and 7} have one

common element. There are 3 ( g ) different combinations of these factor groups.

In case (ii) we again have three possible values for f and the representation (15). The
set X \ (7; U T;) contains now n — 3 elements rather than n — 4. This analogously with
(i) gives |Xy| = 273 and |X,| = 2"73. The set X} contains the groups of two kinds: they
either contain the factor which is common for the pair (T}, 7)), and there are 2"~ of such
groups, or they do not contain the common factor but contain the two other from the set
T, UT;, and again there are 2”3 of such groups. In total this gives k;; = 2"~! for the case
(ii). Bearing in mind R = 2" we now apply (4) and get (14). O

Consider now the case when the number of defective factors is either 1 or 2, that is
T = G; UG, and there are no restrictions on the test sets.

Theorem 3.4. Let T =G UGy, X =G<,,n > 4. Then

N*:min{k:1,2,...:3<”11>(:)k+3<”§1>(;)k§1}.

Proof. We use the arguments to the proof to Theorem 3.3 and add three more cases
to what has been considered there.

Case (iii). Both 7; and Tj consist of one factor. This case was considered in the proof
of Theorem 3.1. There are g > different pairs (7;,7}) of that kind and k;; = 2" 1.

Case (iv). T; and T} consist of different number of factors and do not intersect. There are
3 g different ways to choose such combination. Since only 0 and 1 are possible values
of f we have the representation (0) where |X;| and |X;| can be computed analogously to
the above: |Xp| = 2"73, |X;| = 22 This gives k;; = 32" for the case (iv).

Case (v). T; and T} consist of different number of factors and intersect. There are
2 ( g > different pairs of this type. Again, 0 and 1 are the values that the test function
f can get. As before X contains all nonempty factor groups with the factors from the
set X \ (T; U T};) which gives in the present case |Xp| = 2"2. The set A} contains the
factor groups that include the factor common for 7; and 7 and any combination of factors
from X \ (T; UT}). This gives |X;| = 2"2. Combining we get k;; = 2" for the case (v).
Application of (4) gives the required. O

We omit here the asymptotic considerations referring to Section 5 for a general case.



4 General Case

4.1 Branching of the target field

The result of this section allows one to compute the number of elements in the subsets of
the target field of the form (1) and (2) where, as will be shown below, the coefficients k;;
are equal.

Let 0 <p<m<Il<n, p<lI. Denote

T(n,l,m,p) = {(T;,Tj) € Gen X Gan : T, #Tj, [T = 1, [Ty =m, [T;NT;| =p}  (16)

Theorem 4.1. The number of different non-ordered pairs in T (n,l,m,p) equals

( p m—p l—z n—l—m+p > it m <1
1 n .
= it m=1
2\ p m—p m—p n—2m+p
where i
n n!
= 5 T > 07 r =
<n1 N9 ... TLk) nl'ng'nk' <n B ;n n)
is the multinomial coefficient.
Proof. Consider first the case m < [. There are I+ 7771 . possibilities to select
[+m—p elements that belong to at least one of two groups T;, Tj, the number of possibilities
l+m—p

to select [ elements belonging to T; from [ +m — p is < ) , and one can select p

l

l . o
elements that belong to 7; N T} from these | elements by < » ) variants. Multiplying we

B n Hm—p Ly n
Q. L,m, p) = ( Hm—p ) ( [ > <p > - (p m—p l—p n—l—m+p >

The case m = [ differs from the case m < [ in that the symmetry in selection of T; and T}
reduces by half the number of possibilities. a

have

4.2 Existence theorems for balanced test fields

This section introduces a concept of a a-balanced test field, where a stands for ”additive”,
and provides a formula for an upper bound of optimal group testing designs in the cases
when the target field is of the form (1) or (2) and the test field is a-balanced. Examples of
the a-balanced test fields X will be given in the next subsection.
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Let (T,T") € T(n,l,m,p), where the set 7T (n,l, m,p) is defined through (16) and X €
X (T, T") where

X (T, T)={XeX: |[XNT|=|XNT|=¢>0, [ XN(TNT)| =r>0} (18)

where ¢ and r are some integers.
Definition 4.1. Let

0<p<m<Ii<n, p<l; 0<r<qg<m.

We shall call the test field X' a-balanced if the number |X,,(T,T")| does not depend on
a choice of the pair (1,7") € T (n,l,m,p). For a-balanced test fields X the number
| Xy (T, T")| for (T, T") € T (n,l,m,p) will be denoted R(n,l,m,p,q,r).

Theorem 4.2. Let 0 <p<m <1 <n, p<l, X be aa-balanced test field, in the sense

of Definition 4.1, and T;,T; € T (n,l,m,p) be a fized pair of target groups. Then

p m—p+r
kl] = Z Z R(n7l7m7p7Q7r> (19)
r=0 gq=r

and the value of k;; is the same for all pairs (1;,T;) € T (n,l,m,p).
Proof. Suppose 1;,7; € T(n,l,m,p) and X € X,,.(T;,T;). One can easily see that the
sets X, (1;,T;) defined by (18) may be non-empty only if

0<r<p 0<qg—r<m-—p. (20)

Recall that k;; = [{X € X : | X NT;| =|X NTj|}|. Using the notation (9) and (18) we can

write
kij :Z|Xq| :ZZ|XQT| :ZZR(n7l7m7P7Qar) (21)
q q T q r

where we have used the fact that (7;,7;) € T (n,l, m,p).
Now we use (20) to establish bounds for ¢ and r in (21) such that the sets X, are
non-empty:

p m—p m—p+r
/%:Z; ZO R(n,l,m,p,qunT):Z% > R(n,l,m,p,q,r)
r=0 u= r= q=r

where we have used the variable v = q — 7. O

If the test field X is a-balanced in the sense of Definition 4.1 and one has analytic
expressions for the coefficients R(n,l,m,p, q,r) then the upper bound N* can be expressed
in a closed form by separating the set of all pairs {(7;,7}), @ < j} into a union of disjoint
sets T (n,l,m,p) and computing the coefficients k;; for the pairs in these sets. Theorem
4.1 gives formulas for computing the number of different pairs in the sets 7 (n, [, m,p) and
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Theorem 4.2 guarantees that k;; are the same for all pairs in 7 (n,l,m,p) and provides
explicit formulas for the values of k;;. This gives the following formula for N*:

k

12 m—p+r
voominfe: ¥ 8 Qlmn( 3 Y Rodmaan) <1h @
I,m p:p<m,p<I Rr:O q=r

where R = |X|, and the first summation is over 0 < m <[ <t for the case 7 = G<; and
[ = m =t, that is the first summation disappears in (22), for the case 7 = G;. Analogous
formula for y-separating designs is

szmin{k: >y Q(n,l,m,p)(}{zp:mirR(n,l,m,p,q,r)> <’Y|2,T|} (23)

l,m p:p<m,p<l r=0 gq=r

4.3 Examples of balanced test fields

Let us consider some examples of a-balanced test fields and derive explicit formulas for
R(n,l,m,p,q,r). The following statement is basic in this respect.

Theorem 4.3. Let X = {xy,...,z,} be a collection of n > 2 factors and integers
n,m,l,p,q,r be such that

0<p<m<IlI<n,p<l, 0<r<p, 0<qg—r<m-—np.
Then the test field
X:Qs:{X:{x“,,xls}, 1§21<zs§n}, (24)

1 < s <n, is a-balanced and

[P l—p m—p n—Il—m-+p
R 0 P | | R ) R C

where we assume
<2>:0 fora <0 and a > b. (26)

Proof. Assume that (7;,7}) be any pair in 7 (n,l,m,p) and integers n,m,l,p,q,r be
as in the statement of the theorem. By definition R(n,l,m,p,q,r) is the number of the
test groups X € AX,. In the case (24) this number can be computed as follows. To

construct a factor group X € X, select first r factors from the set 7; N7} (there are

possibilities to do this); then, for fixed r < p, for two sets T; \ T; and T} \ T;, we select
u=q—r (0 <u<m—r) factors from both, we can do this by

)= )
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choices; finally we include s —r — 2u = s+ r — 2¢ factors into X from the set X \ (7; UT})

L . n—l—m+p
containing n — [ — m + p factors (obviously, we have ( s+r—2
this).

Note that if s is either rather small, i.e. s < 2m — p, or large, s > n—1 —m + p,
then some variants among those considered above are impossible but the corresponding
summands are excluded from the sum due to the convention (26).

To finish the proof we only mention that the above calculation of R(n,l,m,p,q,r) does
not depend on the choice of a pair (7;,7}) € 7 (n,l,m,p). O

Let us show how to compute values R(n,l,m,p,q,r) in the cases when the test field X’
can be represented as

) possibilities to do

X = XJ = Ujngj (27)

where J C {0,1,...,n} and G; is defined in (1). Note that in particular cases J = {s} and
J={0,1,...,s} one has X; = G, and X; = G, respectively.

Lemma 4.1. Let the test field T be fived, X = X' UX" where X' N X" =0, R = ||,
R" = |X"|, and {k;j; T, T; € T}, {k;/j, T;,T; € T} be two sets of the coefficients (3) for

the test fields X' and X", respectively. Then R = |X| =R + R" and
kij = |{X € X such that | X NTj| = |X N Ty|}| = ky; + ki, (28)

for any pair T;,T; € T.

Lemma 4.1 implies that if X' N X" = () and both X" and X" are a-balanced in the sense
of Definition 4.1 with families of R-values {R (n,1,m,p,q,7) }impqr and
{R"(n,1,m,D,¢,7) }.mpqr then the set X = X" U X" is also a-balanced and

R(n,l,m,p,q,7) = R (n,l,m,p,q,7) + R (n,1,m,p,q,r) (29)

for any [,m, p,q,r. Application of (22) and (23) give expressions for N* and N, in the case
when the test field is X = X U X",

4.4 Existence theorems

We provide in this section several existence theorems for the group testing designs. These
theorems are corollaries of previous results of Section 4.

Combining (22), (25) and the results of Theorems 4.1 and 4.2 we get the following two
statements.

Corollary 4.1. Let 7T = G, and X = G, where n > 4, 1 <t <n, 1 < s <n. Then
there exists a nonsequential group testing design with the sample size
N < N* = N*(n,t,s) where

1t71
N*(n,t,s)zmin{k:1,27,__; 2z< n )
p=0

p t—p t—p n—2tHp

ST () <)) e
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and there exists a mnonsequential y-separating design with the sample size N < N* =
N,(n,t,s) where

t—1
Nv(n,t,s):min{kzl,l...: Z( " )
p=0

p t—p t—p n—2t+p

EEEE ) <(00)) @

Corollary 4.2. Let T = G, and X = G, wheren >4, 1 <t <n, 1 <s <n. Then
there exists a nonsequential group testing design with the sample size
N < N* = N*(n,<t,s) where

N*(n,ﬁt,s):min{k:I,Q,...:;im1<p n )
" (émqur <];> (m_p>2 (ijiglp>)k éé; (p [—p m—; n—l—m—|—p>
TGy <(1))
r=0 g¢=r r q— s+r—2q s

The additivity property (29) implies the following statements.

Corollary 4.3. Let T =G, and X = G<; wheren >4, 1 <t <n, 1 <s <n. Then
there exists a nonsequential group testing design with the sample size
N < N* = N*(n,t,< s) where

+

1t n
N*(n,t,< s) mm{k 1,2,... such that 21;0 ( p t=p t—p n—2t4p >

EEE) () () E() <)

Corollary 4.4. Letn >4, 1 <t <n,T =G, and X = G, be the collection of 2"
subsets of X. Then there exists a nonsequential group testing design with the sample size
N < N* = N*(n,t,< n) where

t

1L n 2p—2 < t—p A\
* < = i - v <
N*(n,t,< n) mm{ 2};)(]0 tp tp n—2t—|—p> ’ ;%( u ) B 1}
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and there exists a mnonsequential y-separating design with the sample size N < N* =
N, (n,t, < n) where

t—1 t—p 2\ k
. n _ t—p n
N, <n)= : 92p—2t
e (v P n—2t+p>( (" )) <)}

Corollary 4.5. Letn >4, 1 <t <n, T =G« and X = G, be the collection of 2"
subsets of X. Then there exists a nonsequential group testing design with the sample size
N < N* = N*(n,<t,<n) where

1 t m—1
N*(n,gt,gn):min{k:l)l‘”:22 ( n )

p m—p m—p n—2m+p

-1 m n
) +Z Z (p l=p m—p n—l—m—Ho)

(2 (7)) <

Corollaries 4.4 and 4.5 give expressions for N* in the case when X is the collection of
all non-empty subsets of X which is certainly one of the most important cases. We shall
not provide formulas for N* and N, in other particular cases, they can be derived in the
same manner.

5 Asymptotic bounds

In this section we consider the asymptotic behavior of N* and N, computed above when
the number of factors n is large. Using the fact that whatever the target set 7 C G, is
the test made with the test group X = X reduces the problem to the case 7 = G, for some
t, we only consider this assumption for 7.

The principal cases are the cases (30) and (31) when X = G, and 7 = G; and

n— oo, t=t(n)>2, t(mﬁ(), s = s(n) — oo, M_))\’ (32)
logn n

where ¢t = t(n) may be fixed or t(n) — oo as n — oo, A\, 0 < A < 1, is some number.
(It is easy to demonstrate that if A = 0 or 1 then we could not get the logarithmic order
of the rate of N* = N*(n), n — oo, and therefore these cases are not interesting from the
asymptotic point of view.) The case considered in Corollary 4.4, when X = G, is also
important. As we show below, see Corollary 5.1, the asymptotic upper bounds in this case
coincide with the bounds for X = Gy, 27.

15



Straightforward application of the Stirling formula
kl ~ V2rkk*e ™, k — oo,

to the coefficients (17) implies that if (32) is valid then

lim N*(n,t, < s)/N*(n,t,max{s}) =1 for s <n/2 (33)
lim N*(n,t, < s)/N*(n,t,n/2) =1 for s >n/2 (34)

and particularly
lim N*(n,t,<n)/N*(n,t,n/2) =1 (35)

where N*(n,t,An) = N*(n,t,[An]) for any A.

The asymptotic formulas (33)—(35) show that an asymptotic expression for N*(n,t,s)
would immediately yield analogous expressions in many other cases including the case when
X contain all 2" subsets of X. Analogous relations hold in the case of y-separability.

Assume that X = G, and (32) holds. Using the Stirling formula we get for (7;,7}) €
T (n,l,m,p)

ki & p l—p m—p n—Il—m+p n
wox e ()G () ) ()

k,as_ 1 )\l+m72pm7p A 2 l_p m-—=p

where we have used the variable u = ¢ — r. For the case m = [ = t which should only be
considered if 7 = G, we have

ki‘ as 2t—2 < A 2 m—p ? .
fywkij:(l_)\) puzz:o T " , if n — oo.
This implies
1
as 2 2

where the strict inequality holds if and only if A\ # %

On the other hand, if A = % then for any m, [, p

N 1 l+m—2p m—p [ — P m—p
a0 R () o
This implies that k' < % where the strict inequality holds only if m =1 =p — 1:

as 1 3
kij:i itm=Il=p+1.

The above consideration leads to a suggestion that A = % is the optimal value of . The

following theorem proves this suggestion for the case 7 = G; and establishes an asymptotic
formulas for N*(n,t, An) and N, (n,t,n/2).
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Theorem 5.1. Assume that X = Gs, T = G; (32) holds and let vy and X\ be fived
numbers, 0 < v <1, 0 <A< 1. Then

N*(n,t,An) ~ gA(t + 1)logyn, n — oo, (38)
N, (n,t,n/2) tlogy (39)
n n ~ — 00
L 2t — log,(2t)! + 21og, t!” ’
where 1
9r (40)

T logy (A2 4+ (1 — A)?)
and the minimal value of the constant g, equals 1 and is achieved for A = %
Proof. Note that m =1 =1 in the case X = G,, T = G;.

Consider the case of strongly separating designs. Establish first an asymptotic lower
bound L = L(n,t, An) for N(n,t, An) such that

lim inf N(n, t, An)

—— 2 >1. 41
n—=oo L(n,t,An) — (41)

To do this, take only the term with p = ¢ — 1 in the sum over p in (30) and apply (36).
This gives the equation

1 n L
2<t—1 11 n—t—1><(1_)‘)2+/\2) =1

for L = L(n,t,An). Using the Stirling formula and solving the asymptotic equation with
respect to L we get

1 nt—H ) ) I
2M((1—A) +a2)" =1, (42)
L(n,t, \n) ~ gx(t + 1)logyn, n — oc. (43)

To prove that g)(t+ 1) log, n is indeed asymptotically equivalent to N(n,t, An) we need
to show that the terms corresponding to p = 0,1,...,t — 2 are asymptotically negligible
in the sum (30) relative to the term with p = ¢ — 1. The proof is similar for all p and we
consider only the term corresponding to p = 0. This term is the biggest comparing with
p=1,...,t — 2 which follows from

t—1
n n .
(0ttn—2t>/p2%<pt—pt—pn—2t+p>_>1 if n—oc

Denote by A(n,t, k,0) and A(n,t, k,t—1) the terms in the sum (30) over p corresponding
top =0 and p =t — 1, respectively. To prove that the term corresponding to p = 0 is
asymptotically negligible means to prove that

A(n,t,N(n,t, n),0)
A(n,t,N(n,t,An),t — 1)

— 0 for n — oo. (44)
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Due to (43) and (41) this would follow from the asymptotic relation

A(n,t, gx(t + 1) logyn, 0)
A(n,t,ga(t + 1) logyn,t — 1)

— 0 for n — oo. (45)

which we are going to prove.
For simplicity consider only the principal case A = % and first establish the asymptotic
behavior of A(n,t,(t+ 1)logyn,t —1) :

A(n,t, (t+ 1)logyn,t —1) ~ C;, n — oo

where C; is a constant not depending on n, it is actually Cy = 1/(2(t — 1)!).
Consider now A(n,t, (t + 1)logyn,0). Using (37) in the case m =t, p = 0 we have

w0 - ()5 (1) -0

This gives for n — oo

) n N2 (2f)) (t4+1)logy n
A(n,t, (t+1)logy,n,0) = 9 ( 0t t n=2t ) ((2) Et!))2>

n2t 1\ 2t (2t)! (t+1)1og2n_ 1 18 262/(t+1) (2t)! (t+1)logy n
G ((2> (t!)2> ~ (1)) ((2) (t!)2>

The case t = 1 has been considered in Section 3. For ¢ > 2 the function of ¢

(t1)2

is smaller than 1 and monotonically decreases to 0 if ¢ — oo. This completes the proof of
(45) and (38). Proof of (39) is similar and is based on the asymptotically equivalent form
for N,(n,t,3n) :

2

n2t

(1))

t

(kj;(()))k < ﬂ}, n — 0o. (46)

Ny(n,t,n/2) ~min{k =1,2,...: i

O
Two important remarks on Theorem 5.1 are: (i) the value A = 1 is asymptotically
optimal, including the case of ~-separability, and (ii) for A = § and any fixed 0 < v < 1
N*(n,t,n/2)

Jim ) = alt) = 1(t +1)(2t — Togy(26)! + 21og, (1))

with a(t) ~ 1(logyt —log,m) when ¢t — oo, ¢/logn — 0 when n — oo. This shows that
~v-separability is a weaker restriction on a design than the strong separability.

The technique applied to prove Theorem 5.1 allows to obtain more precise asymptotic
approximations for N*(n,t, An) and N,(n,t,n/2) than those given in (38) and (39).
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Corollary 5.1. Let the assumptions of Theorem 5.1 hold. Then

(t+1)logyn —log,(t — 1) — 1
—log(A? + (1 = A)?)

N*(n,t,A\n) ~ Néas)(n,t, A) = { -‘ , N — 00, (47)

tlogy n — log,(t!y)
N,(n,t,n/2) ~ N (n t,n/2) = 2 2 48
’Y(n> an/ ) Y (77,, an/ ) {2t—10g2(2t>'+210g2t' ;= 00, ( )
where gy is defined in (40).
To derive the approximation (47) we need to solve asymptotic equation (42) not ne-
glecting the terms small comparing with the leading term (43). Analogously, to derive (48)
we have to rewrite (46) as an equation for IV, and solve it neglecting neither of the terms.

6 Numerical results

In this section we present some numerical results relating to optimal choice of s = s(n) and
computation of the values N* = N*(X') by (4), (47) and N, by (7), (48).

Numerical results show that there is only a small range of values of s where minimum
of N*(Gs) over s is achieved. Table 1 provides typical results. Interestingly, in the cases
T = G, and T = G<, when t is small compared to n, the optimal values of s depend on
n but do not depend on ¢. An empirical formula for optimal s is s* = f”THL which is in
agreement with Theorem 5.1. Unlike in the asymptotic case where

lim N (Ge)/N*(Gen) = 1.

for small n the difference between N*(X,+) and N*(G<,,) is sometimes significant which can
be seen from Table 1. Analogous results hold for the case when NN, is considered as the
characteristic of interest.

Table 1 contains values of N* for T = G<3, X = G, s = An for different values of n
and . In brackets values of N* are given, if they are different from the values of N*.

A n=10 | n=20 | n=50|n=100 | n =150
0.1 oo(10) | 79 (64) 105 125 137
0.2 28 (21) 37 50 59 65
0.3 18 (16) 29 34 37 41
0.4 13 (12) 17 23 28 30
0.5 11 (10) 15 21 25 27
0.6 11 (10) 15 21 27 29
0.7 12 17 25 32 35
0.8 17 (14) 26 36 45 49
0.9 00(10) | 50 (44) 70 86 94
X =G0, 12 16 21 25 27

Table 1. Values of N* and N* for 7 = G<3, X = G, and different values of n and A.
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Table 2 contains values of N = N®)(n t,n/2) and N{*) = N(*)(n t,n/2) computed
via (47) and (48), respectively, for v = 0.05 and v = 0.0001. Comparison of the asymptotic
values presented in Table 2 with the exact formulas (4) and (7) for N* and N, has shown
that the approximations (47) and (48) are very precise for large values of n: for values of
t and n given in Table 2 the minimal difference between asymptotic expressions and exact
values was detected only for the case t = 2, n = 100, in the other cases the results coincide.

n 7, 13 75

N@) | NG | Nitdor | N@ | NG&) | Nior | N@ | NG | Nioon
100 19 12 19 25 13 19 35 15 20
500 26 16 22 34 18 23 49 21 26
1000 29 17 23 38 19 25 55 24 28
2000 | 32 18 25 42 21 26 61 26 31
5000 36 20 27 48 24 29 69 30 34
10000 39 22 28 52 25 31 75 32 37
20000 | 42 23 29 56 27 32 81 35 39
30000 | 44 24 30 58 28 33 84 36 40

Table 2. Values of N®) and Nv(as) for X =G0, T =G, t=2,3,5,v=10.05,0.0001 and
different values of n.
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