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Abstract

Let x be a real number in [0, 1], F,, be the Farey sequence of order n and p,(z) be
the distance between x and F,,. Assuming that n — oo we derive the asymptotic
distributions of the functions n?p, (z) and np,(z’/n), 0 <2’ < n. We also establish
the asymptotics for fol P2 (z)dz, for all real 4.
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1 Introduction: Statement of the problem and for-
mulation of the main results

Let = be a real number in [0,1] and F,, be the Farey sequence of order n, that is, the
collection of all rationals p/q with p < ¢, (p,q) = 1 and the denominators ¢ < n. In the
present work we derive two asymptotic distributions for

p
x_i

pn(x) = min
q

p/qEFn ’

the distance function between x and F,,, and establish the asymptotics for fol P2 (z)dz, for
all real 9.

It is well-known that the elements of the Farey sequence F,, are uniformly distributed
asymptotically, when n — oo, and this has important consequences in number theory: for
example, the Riemann hypothesis can be formulated in terms of the rate of convergence
of F,, to the uniform distribution, see [1, 2, 3]. However, little is known about other
asymptotic properties of F,, and the distance function p,(x).

In our previous work [4] we have established some metric theorems concerning p,,(x).
Specifically, we have shown that for suitable functions f(-) the inferior and superior limits,

lim inf n?p, (x) f(logn) and limsupn?p,(z)/f(logn),

n—oo n—oo



may achieve only values 0 and oo, for almost all x with respect to the Lebesgue measure
on [0,1], depending on whether [ dz/f(x) converges or diverges. In the present work we
continue the study of the asymptotic behaviour of the distance function p,(z). The main
results of the paper are formulated in the following four theorems.

Theorem 1.1. The sequence of functions

~ / npn( //n) if nglén
Pule) = { 0 otherwise (1)
converge in distribution, when n — oo, to the measure p(7)dr on B with the density
m 1 1 B
ﬁ(T) = 22]{::1 So(kl) for 7 € (2(7’?<F1)72’I71:| , M= ]_,27... (2)
0 for 7 ¢ (0, 5]

that is, for any a, A such that 0 <a < A < o0,

A
nmeas{z € [0,1] : a <np,(z) <A} — / p(r)dr, n— 0.
Here and in what follows 'meas’ stands for the Lebesgue measure on [0, 1], B denotes
the o—algebra of the Borel subsets of (0,00) and ¢(+) is the Euler function.

Theorem 1.2. The sequence of functions n?p,(x) converge in distribution, when
n — 00, to the probability measure p(T)dr on B with the density

6/r* ifo<r<l
p(r) = (1+logT —7) ifl<r<2 (3

i(zlog@ﬂ Hog(yT+V7=D)—(VT—V7=2)?) 257 <00

that is, for any a, A such that 0 < a < A < 00,

A
meas{z € [0,1] : a < n’p,(z) < A} — / p(r)dr, n—oo.

One of the key elements in the proof of Theorem 1.2 is the asymptotic two-dimensional
uniformity of the pairs of the denominators of the neighbours in the Farey sequences.
Specifically, the following result holds.

Let p/q and p'/q" be neighbours in F,, such that 0 < p/q < p'/¢" < 1. The ordered
pair (¢, ¢") will be called the neighbouring pair of denominators in F,,, the number of such
pairs equals N(n) = |F,| —1=37_, ¥(q). Let v, be the two-variate probability measure
assigning the mass 1/N(n) to each pair (¢/n,q'/n) where (q,q’) take all possible values
in the set of all neighbouring pairs of denominators in F,.

Theorem 1.3. The sequence of probability measures v,, weakly converge, when n— oo,
to the uniform probability measure on the triangle {(z,y): 0<xz,y<1,z+y>1}.



An important result, which is essentially a consequence of Theorems 1.1 and 1.2, con-
cerns the asymptotic behaviour of the moments of the distance function p,(z).

Theorem 1.4. For any d # 0 and n — oo

00 ifo<—1
§+1 1p5(x)d;c: sz (2704 027F2B(=6, 1)) n % (140(1)) if —1<5<1,0#0 n
2 Jo ' Zn~?logn+ O (n7?) if 6 =1
_5 C(6)  _§— _ .
2 6((5(+)1)n J 1+O(n 25) if 0 >1

where ((-) and B(-,-) are the Riemann zeta—function and the Beta—function, correspond-
ngly.

The paper is organized as follows. In Section 2 we formulate and prove a number of
technical lemmas that are used in the proofs of the main theorems. All statements of
Section 2 are of a general character, for instance, the notion of the Farey sequence is used
in neither of these statements.

Section 3 is devoted to the study of the asymptotic distribution of the sequence of
functions (1). In this section we prove Theorem 3.1 which includes, as particular cases,
Theorem 1.1 and a part of Theorem 1.4.

In Section 4 we study the asymptotic distribution of two sequences of probability mea-
sures associated with the functional sequence n?p,(z). In this section we prove Theorem
1.3 and Theorem 4.1, the latter includes Theorem 1.2 as a component.

Theorem 1.4 is a corollary of three theorems, specifically, Theorem 3.1, in the case
d > 1, Theorem 4.1, the case —1 < § < 1, and Theorem 1 in [4], the case 6 = 1.

2 Auxiliary results

In this section we prove several simple technical lemmas which shall be used in the next
sections. First, we introduce some notation.

Let B be the o-algebra of Borel subsets of (0,00) and M be the set of the Borel
measures on B, these measures attach finite values to all intervals [a, A] with 0<a <A <
00.

We shall say that a sequence of measures p, in M x-weakly converge to a measure
p € M and write g, — p, n — oo, if u, converge to p in the sense of the theory of
Schwartz’s distributions. That is, j, — ¢ when n — oo, if for any continuous function g
on (0, 00) with compact support [ gdu, — [ gdu. In the other words, p, — p, n — oo, if
for any 0<a< A< oo un\(a,A) = N’(a,A), n — 00, in the usual sense of weak convergence
of finite measures, see [5]. For a thorough description of the *-weak convergence of measure
sequences see, for example, [6], ch.6.

In the first two lemmas of this section we establish a general relation between two
measures: the first one is the distribution of the distance function p,(z) and the other



assigns equal masses to all interval lengths of the partition generated by JF,,. This relation
does not depend on the particular form of the Farey sequences and we thus consider a
more general case.

For every n = 1,2,..., let N(n) be a positive integer and F,, be an ordered collection
of N(n)+1 points in [0,1]:

fn = {.1707”, Tins-- s TN(m)n - 02x0,n<$1,n< R <xN(n),n:1} (5)

With every point collection JF,, of this kind we associate the partition P, of [0,1):

N(n
Pn . [0, 1) = U Iz',n where I@n = [LCZ',Ln,LTZ"n), (6)
=1

and the collection of interval lenghts:

{in = Lin| = — T, t=1,...,N(n)}. (7)

In Sections 3 and 4, when F,, will stand for the Farey sequence, P, will go under the
name of the Farey partition.

For every n, let us define the measure u,, € M by assigning the mass 1 to the points
Din, ©=1,...,N(n). We write this measure as

N(n)
fn = D O(t = pin) (8)
i=1
where 4(+) is the Dirac delta function.
For two numerical sequences of positive normalization constants F,, and G, we also
define the normalized measures p,(F,,G,) by assigning equal masses GG,, to the points
Fopin,1=1,...,N(n):

N(n)

n(Fny Gr) Z Gné(t — Fupin) - 9)

In a particular case, when F,, = G,, = 1, pu,(1,1) = u,. Note also that for all n and
sequences of positive constants F,, and G, the measures p,(F,, G,) are defined on B. We
will be interested in the sequences {F},} and {G, } which provide the *-weak convergence,
when n — oo, of the sequence {u,(F,,Gy)}, to certain non-degenerate Borel measures
won B. Since [ du,(F,,Gn) = N(n)G,, we do not necessary expect that the limit
measures are finite, that is u((0,00)) < 0.
For any x € [0, 1] consider the distance between x and F,:
pol@) = plz, Fn) = min, |z —zin| .

This is a measurable function, with respect to the o-algebra of Borel subsets of [0, 1], and
it can be associated with the probability measure d®,,(t) where

®,(t) =meas{z € [0,1] : p,(x) <t}. (10)



The following statement shows that there exists a simple relationship between the mea-
sure fi,, defined in (8), and the density corresponding to (10).

Lemma 2.1. Letn > 1, N(n) > 1 and F,, be any collection of points (5). Then the
measure d®, is absolutely continuous with respect to the Lebesque measure, its density
pa(T) = @1, (T) is such that p,(7) =0 for 7 ¢ [0, 3] and

pa(T) =21, ((27,400)) =2 Y 1 forany >0 (11)

1:Dgn >2T

where the measure i, is defined in (8) and p;,, are defined in (7).
Proof. We have for any n and 7 > 0:

N(n)
1—®,(r) =meas{z € [0,1] : p,(z) >7}= ; meas{z € I;, p,(z) > 7}

= > meas{z € I, p,(z) > T}

| I;|>21

=2 > meas{z € [:E,-_Ln, xl_ln;xm) , pn(x) > T}

7;2|Ii‘>2’7'

=2 Z meas{ € [Ti_1n, Ti—1n + Din/2), T—Ti1, >T}=2 Z (Pin/2 —T)

1P; . >2T 1:Di,n >2T

i,n/2 &) o0
—2 % /p ldt:2/ 3 ldt:2/ 1 (21, 00))dt

PG >2T T T 1:p; i >2t

This implies that the measure d®,,(t) is absolutely continuous, with respect to the Lebesgue
measure, and it also yields the validity of the relation (11). The fact that p,(7) = 0 for
7 ¢ [0, 3] follows from the definition of p,,. O

The following statement is an obvious consequence of Lemma 2.1.

Corollary 2.1. For any two positive sequences {F,} and {G,}
pa(T/Fo)Gy = 2G o, ((27/Fy00)) =2 Y. G, forany 7 >0 (12)

’L':pi,nFn>27'

where the density p,(-) and the measure u, are the same as in Lemma 2.1.

Lemma 2.2. Let the sequence of partitions {P,} of [0,1) and the numerical sequences
{F.}, {G.} be such that the sequence of measures {i, = pn(Fn, Gn)}n defined through



(9) x-weakly converge, when n — oo, to some Borel measure p and for some given A, a
point of continuity of the measure u,

pin([A,00)) = (A, 00)) <00, n —00. (13)

Then the sequence of measures {p,(7/F,)Gndr} *-weakly converge to an absolutely con-
tinuous, with respect to the Lebesque measure on (0,00), measure p(T)dT where

p(7) = 2p([27, 00)) (14)

for any T > 0 such that 27 is the point of continuity of the measure j. Besides, the
sequence of functions {p,(7/F,)Gy} converge to p(t) for all such T.

Proof. Let the sequence of measures {u, = p,(Fn, Gp)}n *weakly converge, when
n— 00, to some Borel measure p and p,([A4,00)) — p([A,00)) < oo for some A, a point
of continuity of the measure . Let B be any point of continuity of the measure p and
let, say, 0 < B < A. Then pu,([B,)) = u.([B,A)) + pn([A,00)). Using (13) and the
fact that x-weak convergence of measures on open intervals coincides with the standard
weak convergence, we get

lim (B, 00)) = lim jua([B, A)) + I pia([4, 50)) = (B, o)) (15)

The relation (15) can be analogously proven for B > A and it thus holds for any B, the
point of continuity of the measure p. The relations (12) and (15) yield
pn(T/FL) G = 2G 0 (27 Fy 00)) — 2u([27,00)) = p(T), n — o0,

for any 7 > 0 such that 27 is the point of continuity of the measure pu.

Let us now fix 71 and 75 such that 0 <73 <7 and 27y, 275 are the points of continu-
ity of the measure p. Since p,(7/F,)G,, is monotonously decreasing with respect to T,
po(T/Fn) G < pu(11/F,)G,, for any 7 € [11, 73] and therefore according to the Lebesgue
theorem on the dominated convergence for any such 7, and 7

/ 2pn(7'/Fn)GndT — / 2p(T)dT, n— oo.
T1 T1
This completes the proof. O

Lemma 2.3. Let a measure p and a function p be related via (14) and
Joe T du(t) < oo for some real 5. Then

/0 Ept)dt = { Cs [ 17 dp(t) < +oo if 6> —1 (16)
where
Oy — (17)
" 1+0)2



Proof. Using (14) and the Fubini theorem, we get for any 6 >—1 :

[ #ontryir = [z sondr = [F20t [~ autyar -

oot/ _ < o+1
2/0/0 TdepJ(t)_oé/Ot du(t) .

If § < —1 then one of the integrals in the chain, namely f(f/ 2 70dr, diverges; this yields
that the first integral in the chain also diverges. a

Lemmas 2.2 and 2.3 establish a correspondence between the asymptotic behaviour of
the distributions of the functions p,(x) = p(x, F,) and the distributions p,, of the interval
lengths of the partitions generated by F,, as well as a relation between the moments of
these distributions. The next problem is to find a convenient sufficient condition for the
convergence, when n — oo, of a properly normalized sequence of measures {, }.

Let us associate with every p € M its Mellin transform

M(p)(s) = [~ tdp(t) (18)

which is defined and analytic in the strip {s : Res € (A, B)} where (A, B) is the biggest
open interval such that [5°t*du(t) < oo, «a € (A, B). According to the S.N.Bernstein
theorem, see [7], the set W, of functions f on (a,b) which can be represented in the
form f = M(u)|@p, 1 € M, can be also described as follows: f € W, if and only
if f is continuous and all forms >3 _; f(zizx)§iék, n > 1, such that xr; € (a,b), are
nonnegative.

For any f € W,, denote the measure in M, corresponding to f, by u(f). The follow-
ing technical lemma relates the pointwise convergence of functions in W, ; and the x-weak
convergence of the corresponding measures.

Lemma 2.4.
1. Let {f,}52, be a sequence of functions in Wy, 0<a<b<oo, and f,(z) — f(z) for all
x € (a,b). Then f € Way, and u(f,) = p(f), n — oo. Besides, M(u,) converge to M(p)
uniformly on all compact subsets of the strip {s: Res € (a,b)}.
2. Let {iu,} be a sequence of measures in M, ji, — 1 when n — oo, for some 0<a <b < oo
sup. | (t* + ) dp, (t) < 400, (19)
n>1

and for some a € (a,b)

/0 T A () — /0 T du(t), n— oo (20)

Then M(pn)(x) — M(p)(z) < oo, n — oo, for all z € (a,b).



Proof. 1. Let p, € M be such that M (u,,) = fn, n > 1, and denote H,(s)=M (1,)(s),
Res € (a,b). Then for any ay,b;, such that a < a; < b; <b, the absolute values of the
functions H,,, n > 1, are upper bounded by sup,,~;(fn(a1) + f.(b1)). Therefore, according
to the Vitali theorem, see for example Theorem 5.2.1 in 8], the sequence of analytic
functions {H,(s)}, converge to some function H (s) uniformly on compact subsets of the
strip {s : Res€ (a,b)}. This implies that f= H|(, ) is a continuous function and, moreover,
according to the S.N.Bernstein theorem, see [7], f € W, ; and therefore f=M (u) for some
we M and H(s) = M(u)(s) for s such that Res € (a,b).

Let us fix some « € (a, b) and consider the measures d\,(t) = t*du,(t), dA(t) = t*du(t).
Then A, ((0,00)) = fu(a) — f(a) = A((0,00)), n — oo, and for every real y

/°° VAN () = Hoy(or + iy) — H(a + iy) = /°° YAN(E), n— oo
0 0

Using the standard existence criterion of the weak limit, we get the weak convergence
A, = A and therefore p1,, — pt when n — oo.

2. Let p, € M, pt, — p when n — oo, and let H,, H, A, and A have the same meaning
as above. Then, applying the well-known theorem of continuity, see e.g.[5], we get

/ TN (1) — / THHgA(), yER, 1 — o0,
0 0

Besides, according to the proof of the first part of Lemma, H, and H are uniformly
bounded within the strip {s : Re s € (a,b)}. Therefore the Vitali theorem gives that M (i)
converge to M (u), when n — oo, uniformly on compacts in the strip {s : Res € (a,b)}.
O

Lemma 2.5. Let T be the unit circle,
L={e", —a<¢y<a}CT, 0<a<n.

and let {1, }5° be a sequence of probability measures on the unit circle T weakly converg-
ing to m, the normalized Lebesqgue measure on T. Then

T p(Tae) = afr = m(L.)
uniformly with respect to ¢ € [0, 2m).

Proof. Let an integer n > 1 be such that 1/n < a« < 7—1/n. Consider functions
Jrrgn € C(T) such that 0 < f,,(() <1, 0<¢g,(¢) <1,

1 itCel, 1 i CEelpaym
fn(C) - { O lfC ¢ [aJrl/n ) gn(C) - { 0 lfC ¢ Ia .
Then the families of functions

{fas(Q) = falCe?), C€T, ¢ €[0,27]}, {gns(C) = gn(¢e®), C €T, ¢ € [0,27]}



are compact sets in C'(T), since the former, for example, is the image of T for the contin-
uous mapping ¢ — f, , of the interval [0, 27| into C'(T). Since the point-wise convergence
of linear functionals with the norm 1 yields the uniform convergence on compact subsets,
we get

I [ £6(Qdin(Q) = [ FuolOQan(€), Jim [ 0,6(Odue(©) = [ gns(C)dn(c)

uniformly with respect to ¢ € [0, 27]. Besides, it is obvious that

J906(Qdn©) < pul1ac) < [ Fs(Qdpn (<)
and
[ 906(Qdm(Q) < ml1a®) < [ fus(Cdm(c)

The transition to the limit yields the required. a

Finally, let us formulate a statement which may well be hidden in manuals on elemen-
tary probability theory.

Lemma 2.6. Let o and (8 be independent random variables uniformly distributed on
[0,1] and t > 0. Then the probability of the event {af < t}, conditionally on a+[5>1,
equals Pr{iaf <tla+ 3> 1} =

—4tlog B _ U=VIH® 4 g < p < L
F(t)=1 2t(1—1logt) —1 if 1<t<1 (21)
1 if t>1
and the moments of the probability measure dF (t) exist for any a>—2 and equal
1 2 (1 _ g« — —
Ma:/ tadF(t): a_QH (a+l 4= B(a+1 )) for a> 2, Oé;é 1 (22)
0 /3 for a=—1

Proof. The proof is an exercise in calculation of integrals. The derivation of the
formula (21) for F(t) is easy. To derive (22) we have used integration by parts, the formula
(1—+/1—4¢)(1++/1—4¢t) =4¢t, the representation F(t) = Fy(t) — Fy(t) for 0 < ¢ < ; where

1+4++/1—4t 1 —/1—4t)?
Fi(t) = —dtlog VA4 gy - (L= VIZADT
2 2

and the analytic expression for the following integral

_/1/4 1_4dt: go—1 <B(a+1,%)—%ﬂ) for a>—-2, a#—1
V1—4t 72/3 for oo = —1.



The formula (22) for a # —1 follows then from

1/4

v dF ——1 471 +2al dFy(t)=21
e t)= ““log 242 , / e t)=2I,
/0 1(t) a+1 ( ©8 ) 0 2(1)

L 9 o
/1/415 AP(1)= e (17477 (14 2(a4 1) log2))

The case o = —1 is easy and should be treated separately. a

3 Asymptotic distribution of np,(z/n), 0 <z < n.

For any n the distribution of np,(z'/n), 0 < a2’ < n, is p,(7/n)dr where p,(-) is the
density function of p,(z), 0 <x <1, introduced in Lemma 2.1. Therefore the study of
the asymptotic distribution of np,(z’'/n), 0<z'<n, n — oo, is equivalent to the study
of the %-weak convergence of the measure sequence p,(7/n)dr. This study is the main
purpose of Theorem 3.1 which also contains a statement concerning xweak convergence
of the sequence of measures fi,, = p,(n,1) which assign the measure 1 to the numbers
npin fori=1,...,N(n):

N(n)

=1

where p; ,, are defined in (7).

Theorem 3.1. Let F,, be the Farey sequence of order n and n — oo. Then the
measure sequence {fin}n *-weakly converge to the measure

=23 plo - ) )

on B and the measure sequence {p,(7/n)dr} *-weakly converge to the measure p(T)dr on
B with the density (2). Moreover, for all T # ﬁ, m = 1,2,..., the sequence p,(T/n)

converge to p(T) and for n — oo and any § > 1

¢(9)
C(0+1)

/0 T (t) — /0 T (L) = 2 < o0, (24)

¢(9)
C(6+1)

where Cs = 27° /(14 8) is as defined in (17) and the error terms in (24) and (25) have
the order O (nl_é), n — o0o.

1 oo 00
[ @)de = [ pa(r/mydr — [T 2(r)dr = 205 <oo  (25)
0 0 0

10



Proof. In the course of the proof we shall use the notations of Section 2 and results of
four lemmas, namely, Lemmas 2.1-2.4. The consideration of the measures fi,, = f,(n, 1)
and p,(7/n)dr means that we have put F,,=n and G, =1 for the values of the normal-
ization constants of Section 2. Certainly, we consider the Farey sequences as F,. (The
corresponding partitions P, of [0, 1) will be called the Farey partitions.)

Lemma 2.1 implies that for every n > 1 the densities p,(7/n) and the measures fi,
are related via (14) and the application of Lemma 2.3 gives that for every 6 > 1 the
moment of order d of p,(z) can be represented through the Mellin transform, see (18), of
the measure fi,:

1 1 Cs

[ Ay =1 " gt = s [ (e = S5 M) (541)

where

0o N(n)
M) (3+1) = [~ du(6) =0 Y
=1

The Mellin transform of the measure fi, defined via (23), is equal to

¢(s)

for all s such that Res > 2. (Here we have used the well-known relation between the
Riemann (—function and the Euler g—function, see [9], problem 29, ch.2)
Let us prove that for all 6 > 1

Aﬂ@@)zQi?ﬁ?z&<“_1)<m> (26)

M(fin)(6+1) — M(2)(6+1), 1 — oo. (27)

It is well known, see for example [10], that if p/q and p’/q" are two succesive terms in
the Farey sequence F,, then

1<q¢,d <n,q#d¢, q+4d >n. (28)

This implies that if the endpoints of the intervals I,,, € P,, that is, x;,_1, and z;,, have
denominators ¢ and ¢’ and ¢ < ¢’ then ¢’ > n/2 and the length p; ,, = z; ,—xi_1, = 1/(qq)
of I, , can always be bounded as

1 1

qn q(n—q) (29)

These bounds will be used for the intervals I, , one of whose has a denominator ¢ < n/2.
An upper bound for the length of the intervals /; ,,, when both endpoints have denom-
inators > n/2, follows from the formula p;,, = 1/(qq¢’) :

1 4

11



The bounds (29), (30) for p; ,, give the following lower and upper bounds for M (fi,,)(0+1):

JITRCA ! L ple)
M(fin)(6+1) = Z 5+1n5+1 =2 T (31)
q:
~ 6 . n/2 1 46+1 n
M (fin)(6+1) < " Z vlg ¢l — q)+1 My > ») (32)
q=n/2
Since ¢(q) < ¢ for all integers ¢,
5+1 & 1 1

B, =2 o) ( ) , .

n qzz:l (a) ¢+ (n — gy TO\ oo

According to the finite difference formula for every n > 1,1 <g¢<nand § > 1
n5+1 - (n - q)6+1 < q(5 + 1)716

and therefore

n/2 o+l _ (n— q)‘Hl

1
0<B,—A,=2 O <
< > o0 iy — o (=)

(0+1) (i)w nf q;l +0 <n511> =0 (mll)

g=1

when n — oo. Furthermore, using (26) we get for all 6 > 1:

1
0< M()(6+1) — A, —22 5+1_ <n51)’ n— oo.

q= n/2

This implies (27). Applying now the first part of Lemma 2.4 we obtain the s-weak
convergence of the sequence of measures fi,, to it when n — oo. The statement of the
theorem concerning the convergence of p,(7/n) to p(r) follows from Lemma 2.2. The
condition (13) obviously holds for A = 2 since i, ([2, 00)) = [i([2,00)) = 0 for any n > 1.
The relation (25) follows from (24) and Lemma 2.3. O

4 Asymptotic distribution of n?p,(z).
For any n the distribution of n?p,(x), 0 <z <1, is n %p,(7/n?)dr, and we thus can

consider the problem of studying the asymptotic distribution of n?p,(x), n — oo, as the
problem of the weak convergence of the sequence of probability measures n=2p, (7/n?)dr.

12



Analogously with Theorem 3.1, in Theorem 4.1 one more associated measure sequence is
also studied, this time this is the sequence of probability measures

N(n)

fin = fin(n?,1/N(n — 1*pin)

which corresponds to the selection of F,, G, of Section 2 in the form F, = n?, G, =
1/N(n) where N(n) = |F,| —1=>7_; o(k).

Theorem 4.1. Let F,, be the Farey sequence of order m, and let the function F(-)
and the constant M, be defined via (21) and (22), correspondingly. Then the sequence of
probability measures i, = pi,(n?, 1/N(n)) weakly converge, when n — oo, to the probability
measure i on B with the cumulative distribution function (1) =1 — F(1/7), 7 > 0, the
sequence of probability measures n=2p, (7 /n?)dr in M weakly converge, when n — oo,
to the probability measure p(7)dr in M with the probability density p(t) = SF(1/(27)),
7 >0, and for all 7 > 0 the sequence n 2p,(7/n?) converge, when n — oo, to p(7).
Moreover, for any 6 < 2 and n — oo

|7 i) = [ Pdptr) = My < o0, (33)
0 0
and for any —1 <6 <1 and n — oo

0o 0o R 3
25/ P2 (x)dx = n~ /0 pn(7/n?)dr —>/0 p(r)dr = 7(1_1_5)7225]\/[,5,1 <oo (34)

To prove the theorem we need to introduce some notation and prove two more lemmas
and Theorem 1.3.

Let p/q and p'/q" be neighbours in F,, such that 0 < p/q < p'/¢" < 1. The ordered
pair (q,q’) will go under the name of the neighbouring pair of denominators in F,.

Lemma 4.1. The set of all neighbouring pairs of denominators in F, coincides with
the set of pairs of ordered integers

Q. ={(¢,d): .4 €{1,2,....n}, (¢,¢) =1, g+ ¢ >n}. (35)

Proof. Let p/q and p'/q’ be two neighbours in F,, such that p/q < p'/q’. Then
the property of the Farey sequences (28) implies (¢,¢') € Q,. Note that the number of
different neighbouring pairs (p/q,p'/q') in F, equals N(n) = >7_, ©(j). The number
of elements in Q,, also equals N(n). Indeed, for a fixed ¢ € {1,...,n}, the number of
elements in the set

Mo, ={d: (¢.¢)=1, ¢ e {n—qg+1,...,n}}
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does not depend on n and equals |[M,,| = ¢(q), therefore

q=1

q=1 q=1

To (q,q') € Q,, there can correspond at most one pair of neighbours (p/q,p’/q') in F,:
for such neighbours we have the equation p'g —pg' =1, 0 <p <q, 1 <p' < ¢, and since
(q,q') = 1, there is only one solution of this equation. Since, as pointed out, the number
of elements in Q,, is equal to the number of neighbouring pairs in F,,, the lemma follows. O

Lemma 4.2. Consider the set of ¢(q) points on the unity circle T
Zy=A{4 ¢ =1,....q, ({,q)=1}CT.

Then the sequence of Borel probability measures on T

1
Ag = —— ¢ (36)
) gzzq
converge, when n — oo, to the normalized Lebesque measure m on T and the convergence
is uniform: for any arc I, = {¥, —a <9y <a}, 0<a <7,
lim A, (I.e) = < = m(I,)

T

q—00

uniformly with respect to ¢ € [0, 2m).

Proof. The fact of convergence of the measure sequence {\,}, to the uniform mea-
sure on T is equivalent to the asymptotic uniformity of the Farey sequence, the proof of
this can be found, for example, in [11]. The fact that this convergence is uniform, follows
from Lemma 2.5. a

Proof of Theorem 1.3. Define the trapezoid
1—
A=Ay, B2, 1, a9) ={(z,y) € [0,1] x[0,1] : i <z <P, 01 < Ty <as} (37)

where 0 < a3 <as <land 0 < 1 < By < 1.

The set of all trapezoids of the form (37) constitutes the set determining convergence,
see [5], on the triangle 7' = {(z,y) : 0 < x,y <1, 2 +y > 1}. To establish the weak
convergence of the measure sequence {v,}, to m, the uniform probability measure on T’
and thus the doubled Lebesgue measure on 7', it is therefore sufficient to show that

Jim v,(A) = m(A) = (a2 — an)(5 — 57) (38)

forall 0<a;<as< 1,0 <01 <G<1and A = A(fy, fBs, a1, az).
Let us fix oy < ap, f1 < B2 and denote n(q) = [{¢' : (£,%£) € A}|. For any g,
1 < ¢ < n, there exists 7, € [0,27) such that

M — ei’Yq
elq) Aalloc™)
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where o = m(ay — aq) and A, is the measure (36). The statement of Lemma 4.2 implies
that for any € > 0 there exists ng(g) such that for all n > ng(e) the inequality

©(q) (02 ~au)

holds for all ¢ such that fin < ¢ < fan. Therefore for all n > ngy(e)

<e€

Ban
vn(A) — (a2 — 1) _Eﬂj ¢(q)/N(n
1 Ban M_ - Ban
N(n) qzﬁ;n ©(q) (02 = )| #ld) q%ngp

The well-known summation formula for the Euler function

N(n) :zn:go(q): —n?+O(nlogn), n— oo, (39)

implies that for all 0 < 3; < fs <1

Ban
> olg 51 33)n* + O(nlogn), n— oo,

q=pn

and therefore

Ban
Z ©(q — 33 when n — oco.
q Bin
We thus get (38), and this completes the proof. O

Proof of Theorem 4.1. Recall that the length of every interval I;, in the Farey
partition P,, equals p;,, = 1/(¢q") where (q,¢') € Q,, is the ordered pair of the denomina-
tors of the endpoints of the interval, see Lemma 4.1. According to the definition of the
measure v,, given in the introduction, for any a > 0

2

3 R PO S
finla00)) = s [{ad) € Qu = > )

=vn({(z,y): 0<2,y<1, 2+y>1, zy<1/a})
Theorem 1.3 implies that the expression in the right-hand side of the last formula tends
to F'(1/a) = i([a,0)), when n — oo, for any @ > 0. For all n > 1 and 7 > 0 define
1

Pn(T) = an(f/ng) = 2fin([27,00))
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and note that for all 7 > 0

-9 2
n ]?n(T/n):N(n)_i_FO(n*llogn), n — 00.
Pn(7) n

2 g2
Applying Lemma 2.2 we get that for all 7 > 0
Pn(T) = 20([27,00)) = 2F(1/(2t)), n — o0,

and therefore
n2pa(r/n?) = B(r) = S F(1/(20)), n— 0.
T

for all 7 > 0, where the explicit form of p(7) is given in (3). Lemma 2.2 also yields the
weak convergence, when n — oo, of the probability measures p, (7)dr € M to the limiting
measure p(7)dr.

We are going now to apply the second part of Lemma 2.4 to prove (33). To do this,
we have to verify the conditions (19) and (20). Since the measures fi, and [ are the
probability measures, (20) obviously holds for « = 0. To demonstrate the validity of (19),
it is enough to show that for any a < 2

sup oot“dﬂn(t) < 00. (40)

n>1J0

If @ < 0 then the left-hand side of (30) gives
NG p2a N

2a
a —2a __
/0 tdfi,(t) = g Pin < N () E_ n =1

Assume now that 0 < a < 2. Then analogously to (32), with 6 + 1 = a, we get

2a

0 ) n
/0 tdji, (t) = M (fi) me

2a n/2 1
(zso e 3 e0).

qg=n/2
Since ¢(q) < g, N(n) > n(n+1)/4 and

n/2

Zq1a<1+/ o dr <n* (2 - a) + 1,

for all integers n and 0 < a < 2, we get

) ne n/2 n a a n
[T a0 <20 S () ey e

q:l n_q




n/2
8na_22a qu—a 4 4a+1 < 2a+3(1 + 1/(2 o a)) + 4a+1 .
q=1

We thus have shown the validity of (40) and therefore completed the justification of (33).
The validity of (34) follows now from Lemmas 2.2, 2.3 and the relation

p(1) = 7zil[27, 00)). B
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