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Abstract. The asymptotic behaviour of a family of gradient algorithms (including the methods of steepest
descent and minimum residues) for the optimisation of bounded quadratic operators in R? and Hilbert spaces
is analyzed. The results obtained generalize those of Akaike (1959) in several directions. First, all algorithms
in the family are shown to have the same asymptotic behaviour (convergence to a two-point attractor), which
implies in particular that they have similar asymptotic convergence rates. Second, the analysis also covers the
Hilbert space case. A detailed analysis of the stability property of the attractor is provided.

1. Introduction

The paper generalizes the results presented in [16] to other optimisation algorithms of
the gradient type. We introduce a class of algorithms, called P-gradient algorithms, that
differ by the choice of the length of the step made in the gradient direction. The class
includes in particular the usual steepest-descent algorithm and the method of minimal
residues of Krasnosel’skii and Krein [9, 10]. We show that for a quadratic function,
the worst asymptotic rate of convergence is the same for the whole class of algorithms
considered. It is also true that, expressed in the right framework, all the algorithms in
the class behave in a very similar fashion'. This analysis complements that presented
in [1], [13, 14] and Chapter 7 of [15] which concerns steepest descent. Moreover, the
analysis in [16] directly applies to all algorithms in the class considered, revealing the
asymptotic behaviour for bounded quadratic operators not only in R? but also in Hilbert
spaces. The worst case behaviour exhibited is fundamental “bottom-line” in the study
of optimisation whose understanding is critical for building more complex and faster
algorithms.

The basic idea is renormalisation, as used throughout [15]. The main result in the
finite dimension case is that for any algorithm in the class, in the renormalised space one
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! Not all algorithms using the gradient direction belong to that class, which in particular does not include
the spectral-gradient algorithm, see [3], proposed by Barzilai and Borwein in [2]. This method, which has
been found in particular examples to allow significant improvement over standard steepest descent, see [18],
thus requires a separate treatment. The same is true for steepest descent with relaxation or the combination of
steepest descent and Barzilai-Borwein methods, as considered in [19].


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


410 L. Pronzato et. al.

observes convergence to a two-point attractor which lies in the space spanned by the
eigenvectors corresponding to the smallest and largest eigenvalues of the matrix A of
the quadratic operator. The proof for bounded quadratic operators in Hilbert space stems
from the proof for RY but is considerably more technical. In both cases, as in [1], the
method consists of converting the problem to one containing a special type of operator on
measures on the spectrum of the operator. The additional technicalities arise from the fact
that in the Hilbert space case the measure, which is associated with the spectral measure
of the operator, may be continuous. Another important result concerns bounds on con-
vergence rates, named after Kantorovich, see [7]. For all algorithms in the family consid-
ered, the actual asymptotic rate of convergence, although satisfying Kantorovich bounds,
depends on the starting point and is difficult to predict. This complex behaviour has con-
sequences for the stability of the attractor, which are discussed following the main results.

The family of gradient algorithms we consider, called P-gradient algorithms, is
introduced in Section 2. Renormalisation is presented there, which, together with the
monotonic sequences of Section 2.4, forms the core of the analysis to be conducted. The
main results are presented in Section 3, first for the case H = R4, then for the Hilbert
space case. They rely on the convergence property of successive transformations of a
probability measure, which is presented in Section 4. Again, the two cases H = R? and
‘H a Hilbert space are distinguished, the exposition being much simpler in the former
case. The stability of attractors is discussed in Section 5, only in the more general case
of a Hilbert space, the case H = R? not allowing for a significant simplification of
the presentation. Finally, Section 6 shows the asymptotic equivalence between several
rates of convergence of gradient algorithms. All proofs and some important lemmas are
collected in an appendix.

2. A family of gradient algorithms
2.1. P-gradient algorithms

Let A be areal bounded self-adjoint (symmetric) operator in a real Hilbert space H with
inner product (x, y) and norm given by |x| = (x, x)!/2. Assume that A is positive,
bounded below, and denote its spectral boundaries by m and M:

m = inf (Ax,x), M = sup (Ax,x),
=1 Ixll=1

with 0 < m < M < oo. The function to be minimized corresponds to the quadratic
form

1
fx) = 5 (Ax, x) = (x,3). 6]
It is minimum at x* = A~ !y, its directional derivative at x in the direction  is

Vuf(x) = (Ax —y,u).

The direction of steepest descent at x is —g, with g = g(x) the gradient at x, namely
g = Ax —y. The minimum of f in this direction is obtained for the optimum step-length
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y = (&, 8)
(Ag.8)’

which corresponds to the usual steepest-descent algorithm. One iteration of the steepest
descent algorithm is thus

(8k, &k) 2
(Agk, g0)°"

with g = Axy — y and x( some initial element in 7. We define more generally the
following class of algorithms.

2

Xk41 = Xk —

Definition 1. Let P(-) be a real function defined on [m, M), infinitely differentiable,
with Laurent series

o
P(z) = chzk, ck € Rforallk,
—0oQ0

such that 0 < Y% cxa® < oo for a € [m, M). The k-th iteration of a P-gradient
algorithm is defined by

Xkl = Xk — Y8k (3)

where the step-length v, minimizes (P (A)gk+1, 8k+1) With respect to y, with gry1 =
8(xk+1) = §(Xk — ¥ &k)-

Direct calculation gives

_ (P(A)Agk, gk)
(P(A)A%gk, gk)

Note that AP(A) = P(A)A and that the denominator and numerator of y4 are linear in
P(A). Also, yx is scale-invariant in P(A) and y € [1/M, 1/m].

Taking P(A) = A™! gives the steepest-descent algorithm. Choosing P(A) = I, the
identity operator, is equivalent to choosing the step-length that minimizes the norm of the
gradient g1 at the next point. We then obtain the method of minimal residues introduced
in [10] for the solution of linear equations. For any fixed o € (0, 1), choosing yx that min-
imizes of (xx —ygr)+ (1 — @) (g(xx — v 8k), §(xx — ¥ 8k)) with respect to y also gives
an algorithm in the family. More generally, we show below how to construct P-gradient
algorithms, with P(-) a polynomial in A, using evaluations of f(-) and g(-) only.

Vi 4

2.2. Practical construction when P is a polynomial

We consider the case where P(A) = A? for some integer ¢ > —1. (As mentioned, the
cases ¢ = —1 and g = O respectively correspond to the methods of steepest-descent and
minimal residues.) The extension to P(-) polynomial in A is straightforward (including
also linear combinations with A~1), using (4).

The minimisation of (P(A)gk+1, gk+1), or the calculation of y in (4), requires the
calculations of terms of the form (A" g, g), withn =g orn =g + 1, g + 2. As shown
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below, they are easily obtained from evaluations of g(-) at different points. Notice that
this construction implies that one iteration of the algorithm will require several evalua-
tions of g(-). The construction proposed below is not necessarily the most economical
one, and evaluations of f(-) and g(-) at different points could be combined to provide
more efficient evaluations of terms (A" g, g). Our objective here is simply to show that
the family of algorithms considered in the paper is not of purely theoretical interest,
and that other algorithms than the steepest-descent and minimal residues could also be
considered in practice.

Let (A"g, g) be the term to be evaluated, n > 1, with g = g(x) the gradient at the
current point x. Define x© = x and

2D = @ — ge(xD) i >0,

with B a fixed positive number (for instance, § can be taken equal to the value of y at
previous iteration of the algorithm). We obtain

gV =g = - pAYg.
Define P, = (g, g¥) = (g, (I — BA)'g). In matrix notation, P, = Q,G,, where
P,=(Po,P1,....P)", Gu=((g,8),(Ag, &), ..., (A"g, )"

and the entries of the (n + 1) x (n + 1) matrix Q,, are the binomial coefficients,

1

1 —B
Q=1 2 #

1

-3 36> —p°

The value of (A”"g, g) _is then directly obtained from G, = Q,; Ip, . The entries of P,,,
defined by P; = (g, g(’)), are also obtained more economically from

Prj =D, g, Prjyr = (g7, g7,

Therefore, the evaluation of y, = (P(A)Agk, gk)/(P(A)Azgk, gk), with P(-) a polyno-
mial of degree ¢, requires [¢/27]+2 gradient evaluations (including the one at x© = x;).

2.3. Renormalisation
We can rewrite the iteration (3) as

(X1 — X7) = (ox — X*) — ik »
with g = g(xx) = A(xgx — x™), so that

(P(A)Agk. gk)

8k+1 =8k — VKA =8k — 55—
(P(A)A%gk, gk)
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Define the renormalised variable
B Bg(x)
(P(A)Ag(x), g(x)1/2’

with B = [P(A)A]'/2, the positive square-root of P(A)A, so that (z(x), z(x)) = 1.
Also define zx = z(xg),

z(x) )

wh=Au, ), je, (6)

so that ,ula = 1 forany k and y; = /LS/M’{ = 1//ﬂf. We obtain

i = Bgi+1 _ (I — yxA)Bgxk
T (P A1, a2 T (U — yiA)Bgk, (I — e A)Bgp)!/2
I — v A)zk I — v A)zk

(I = Az, U — Az 2 (1= 2ppk + y2ub)12”
that is,

(I — A/ub)zx

Tkl = . (7
(15/(u))? = 172
This gives the updating formula for the moments
k k k k ky2
. Wi =205 /iy /(1Y)
,u’;-“ = (A k41, Thg1) = —2 ! ! . 3

/() —1

In the special case where H = R we can assume that A is already diagonalised, with
eigenvalues 0 < A1 < Ay < --- < Ay4. We can then consider [zk]l.z, with [zx]; the i-th
component of z;, as a mass on the eigenvalue A;, with Z?:l [Zk],~2 = ,ug = 1. Define the
discrete probability measure vi supported on (Aq, ..., Ag) by v (X;) = [Zk]l-z, so that its
Jj-th moment is /,L]](-, Jj € Z.We can then interpret (7) as a transformation vy — vj41. The
asymptotic behaviour of the sequence (zx) generated by (7) was studied in [1], see also [5]
and Chapter 7 of [15]. The main result is that, assuming 0 < A} < X <--- < Xy <
Ad, the sequence (zx) converges to a two-dimensional plane, spanned by the eigenvec-
tors eq, eq associated with A1 and A4. The attraction property is stated more precisely in
Section 3, also in the Hilbert space case. It is already important to notice that although
the results in the references above were obtained for the steepest-descent algorithm, the
renormalisation (5), which depends on the chosen P(-), makes them applicable to any
algorithm in the family considered. Also, using the renormalisation just defined we easily
obtain (non asymptotic) results on the monotonicity of the algorithm along its trajectory.

2.4. Monotonicity of a rate of convergence

Consider the function (P(A)gk+1, 8k+1) that Y minimizes, and compute the rate of
convergence ry of the algorithm at iteration k, defined by
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_ (P(A)gk+1, 8k+1)
(P(A)gk, gk)

Other rates of convergence will be considered in Section 6 where they will be shown to
be asymptotically equivalent to ry. Direct calculation gives ry = 1 — 1/Ly, with

9

Ly = :ullcﬂk_l
where the moments uf‘ are defined by (6). Also, from (8), Ly satisfies

wh

Liy1 — Ly = — det My
+ D,%

with
Dy = pb — (ub)?
and
1y ug p
M= | ug my i |- (10)
wyus ek
The moment matrix M, is positive semi-definite so thatdet M > 0,and thus Ly > Ly,
that is, both L, and the rate r are non-decreasing along the trajectory followed by the
algorithm. When H = R? (d = 2), det M = 0 and ry is constant. When d > 2 or H is
a Hilbert space, the rate is monotonically increasing for a typical xg, indeed, for almost
all zo = z(xo) with respect to the uniform measure on the unit sphere when H = R¢.
Notice that if the rate is constant over two iterations (det My = 0), then the measure
Vi is supported on two points only, and the iteration (7) for the masses shows that this
situation will continue: the rate will thus remain constant for all subsequent iterations.
Note that Ly and Dy are bounded (since v; has a bounded support), respectively by

L* and D*, with L* = (M + m)?/(4mM) and D* = (M — m)?/4, see Lemma 1 in
Appendix A3. Therefore, since L is non-decreasing it converges to some limit, and

(Lipt = LODF _ (L1 = Li)(D*)?

k
“q m

det My =

-0, k— o00. (11)

In addition to L and r another quantity also turns out to be non-decreasing along
the trajectory. Consider

(P(A)Agk+1, 8kv1) (P(A)Agk+1, 8k+1) X 2
= = — =Dy. (12
(PAAGI — 30, (st — ) 2P Age, g 12 )7 =Pk (12

Direct calculation using (7) gives

1

Djy1 — D = — detNg
+ D]%
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with
1o 1Y 1
Ni= | wh ub ub
b gk il
Again, N is positive semi-definite and det Ny > 0 so that Dy is also non-decreasing. It
converges to some limit and det N converges to zero for the same reasons as above.
Substitution of P(A) for a particular algorithm shows which quantities are mono-
tonic. For the steepest-descent algorithm, P(A) = A7 (A7 gk, g0) = 20f () —
f(x™)], and thus the ratios re = [f (k1) — fFO]/[f (k) — f(x™)] and Dy =
(8k+1> 8k+1)/((Xk+1 — Xk), (Xk+1 — xx)) are monotonically non-decreasing. For the
method of minimal residues, P(A) = I, and the ratios ry = (gk+1, k+1)/ (&, gk) and
Dy = (Agk+1, 8k+1)/(A(xXk4+1 — Xk), (xg+1 — X)) are monotonically non-decreasing.
The monotonicity and boundedness of L and Dy makes them suitable for studying
the asymptotic behaviour of the algorithm. This is developed in the next section.

3. Asymptotic behaviour of gradient algorithms

Consider the case H = R9, and assume that the minimal and maximal eigenvalues of A,
A = m, Ag = M, are simple. The attraction property can be stated as follows. Choose
zo = z(xp), the renormalised variable defined by (5) at the initial point xo, such that
(zo, e1) > 0, (zo, eq) > 0, with e; and e the eigenvectors associated with 1| and Ay4
respectively. Then

2k —> Jper++1—peq, zok+1 = 1 —pel —/peqs when k — oo,

where p is some number in (0, 1), see Section 5 concerning the range of possible val-
ues for p. This property, stated in a more general framework in Theorem 1 below, has
important consequences for the asymptotic rate of convergence of the algorithm, see
Section 6. The proof of the attraction property relies on the convergence of successive
transformations of the probability measures vy defined by [zk]iz. The approaches used in
[1, 5] to study this convergence do not apply when H is infinite dimensional, and we shall
present a more general proof in Section 4. It differs somewhat from the one in Chapter
7 of [15], in particular in the choice of the monotonic sequence, (L) instead of (D).
The attraction theorem in R? can be stated as follows. We can assume that A is diag-
onalised, and the probability measure vy is then discrete and puts mass [zk]i2 at the eigen-
value A;. Notice that the updating rule (7) is identical for [z, ]; and [zx]; associated with
Ai = Aj, and the corresponding masses can thus be summed. We can therefore assume
that all eigenvalues are different when studying the evolution of v, see Theorem 3.

Theorem 1. Let A be a d x d symmetric matrix, positive definite, with minimum and
maximum eigenvalues m and M such that 0 < m < M < oo and apply a P-gradient
algorithm, see Definition 1, for the minimisation of f (x) given by (1), initialized at x,
with zo = z(xg), see (5). Assume that

Eiz0 #0 and Egz0 #0, (13)
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where E1 and E4 are the orthogonal projectors on the eigenspaces respectively asso-
ciated with Ay = m and Lq = M. Then the asymptotic behaviour of the renormalised
gradient z; = z(xy) is such that

2k = A/Puak + 1= pow, 20041 =V 1 = puziy1 — /P v+,

with |lu,|| = ||lvall = 1 VYn, ||Au, — muy,|| — 0, ||Av, — My, || — 0asn — o0, and
p, some number in (0, 1), depending on z.

The proof is omitted since we prove later a more general property valid for H a Hil-
bert space. A more precise result is obtained when the eigenvalues A and A4 are simple:
the vector z4 converges to the two-dimensional plane defined by the eigenvectors e; and
eq associated with A1 and A,4.

Corollary 1. Let A be a positive-definite symmetric matrix with ordered eigenvalues
O<m=AM <M< <A1 <Ag=M

and let eq, ey be the eigenvectors associated with A1 and Lq respectively. Apply a P-gra-
dient algorithm, see Definition 1, for the minimisation of f(x) given by (1), initialized
at xo such that z(—)'—el # 0 and z(—)red # 0, with zo = z(xg), see (5). Then the algorithm
attracts to the plane T1 spanned by e| and eq in the following sense:

szk—>0,k—>oo

for any nonzero vector w € T1+. Moreover, the sequence (z;) converges to a two-point
cycle.

This corollary is a straightforward consequence of Theorem 1: when A; and A4 are
simple, with associated eigenvectors ej and ey, u, and v, then respectively tend to e
and ey. The result easily generalizes to the case when (13) is not satisfied. The algorithm
then attracts to a two-dimensional plane defined by the eigenvectors e; and e; associated
with the smallest and largest eigenvalues such that z] ¢; # 0 and z] e; # 0.

We state now the attraction theorem in the more general case where H is a Hilbert
space. The proof is given in Appendix Al.

Theorem 2. Let A be a bounded real symmetric operator in a Hilbert space 'H, positive,
with bounds m and M, such that 0 < m < M < oo and apply a P-gradient algo-
rithm, see Definition 1, for the minimisation of f(x) given by (1), initialized at x(, with
z0 = z(xq), see (5). Assume that z is such that for any €, 0 < € < (M —m)/2,

(Em+ez0,20) > 0 and (Ey—ezo,20) <1, (14)

with (E) ) the spectral family of projections associated with A. The asymptotic behaviour
of the renormalised gradient zx = z(xy) is such that

2k = /Puz+ 1= poa. 2u41 =1 = puskyr — /possr.  (15)

with |u,|| = llvull = 1 VYn, ||Au, — muy|| — 0, ||Av, — Mv,|| = 0asn — oo, and
p, some number in (0, 1), depending on z.
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4. A property of successive transformations of a probability measure

The two properties established in this section form the cornerstones of the proofs of the
theorems of previous section. We consider first the case of a discrete measure with finite
support, which in terms of convergence of a P-gradient algorithm corresponds to the
case H = R?. The proof is given in Appendix A2.

Theorem 3. Let vy be a discrete probability measure on {\1, ... , Ag} with
O<m=A <M< - <A1 <Ag=M < 00.

Let [Zk],-2 denote the mass placed at \; by v, that is, vp(Aj) = [zk]iz. Consider the
transformation T : vy — V4| defined by

(1= xi /)i
(s /(uky2 — 12

[zk+1]i = (16)

with the moments ,uf defined by (6). Then, when k — 00,

([z2k1)* = P, (zakr11)? = 1= p and (zk]a)* = 1 = p., ([z111)* = p
(17)

for some p depending on vy, 0 < p < 1. Furthermore,

1 1 /1 L
LT o

2 p—1\V4  (p+1)2

with p = M/m and L = limg_, M’fuk_l.

Note that the limiting value L depends on vy, so that the value of p that characterizes
the attractor is difficult to predict. The range of possible values for p is discussed in
Section 5.

We consider now the case of an arbitrary measure on an interval, which raises some
additional difficulties compared to previous case. In terms of convergence of a P-gradient
algorithm, it corresponds to the case where H is a Hilbert space: for E; the spectral fam-
ily associated with the operator A, we define the measure v; by vi(dA) = d(Exzk, 2k),
m<A=<M.

Theorem 4. Let vy be a probability measure on the family B of Borel sets of (0, 00),
with support [m, M, so that

m = ess inf(vp) = sup(e / vp{x, x <} =0),

M = ess sup(vg) = inf(a / vo{x, x > a} =0).

Assume that) < m < M < oo. Consider the transformation T : vy — Vg4 defined by

A — kN2
Vet (A) = / G B (18)
A Dy,
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forany A € B, where % = [ L vi(dr) and Dy = p& — (b2, with (b = [ 22 ve(dn).
Then, as k — oo,

k(@) —» p, vus1 D) > 1—p 19)

forallT =[m, x), m < x < M, for some p depending on vy, 0 < p < 1.

The proof of Theorem 4 is given in Appendix A3.

5. Stability of attractors

The range of possible values for p in the attraction Theorem 1 (H = R?) is considered
in Theorem 3 of [1] (see also Lemma 3.5 of [14]). Let s(1) and 1* be defined by (20).
This theorem states that when A* is not discarded at any iteration, that is, when u]f # \*
for any k, then p € [1/2 — s(1*), 1/2 4 s(1*)] (note that this assumption cannot be
checked). In this section we extend this result in two directions: (i) we will assume that
'H is a Hilbert space, (ii) we study the stability of the attractor defined by p in Theorem
2. We shall use the following definition of stability, see [6] p. 444, [11], p. 7.

Definition 2. A fixed point v* for a mapping T (-) on a metric space with distance d (-, -)
will be called stable if Ve > 0, Ja > 0 such that for any vy for which d(vg, v*) < «,
d(T"(vy), v*) < € for all n > 0. A fixed point v* is unstable if it is not stable.

We shall use the distance d(v, v') given by the Lévy-Prokhorov metric, see [20] p.
349. In our case (measures supported on [m, M]), d(v, v') becomes the Lévy distance
between the distribution functions F, F’ associated with v, v/, which we denote

L(F,F)=infle : F/(x —e) —e < F(x) < F'(x +€) + €, Vx}.

In the case where one of the two measures is the discrete measure v; concentrated on
m, M, with v;(m) =p, v;‘,(M) =1-— p, we get

d, v;) = L(F, F;‘)
=infle : F(x) < p+eforx <M —¢€ and p—€ < F(x) form +¢€ < x},

with F; the distribution function associated with v7,. We then have proved the following,
see Appendix A4.

Theorem 5. Consider the situation of Theorem 4, with vy any probability measure sup-
ported on some closed subset Sa of [m, M] and

ess inf(vp) =m, esssup(vg) = M .

(i) The measure v; is a fixed point for the mapping T*>.

(ii) Consider the set I, defined by
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T, = <O, % - S(A*)) U (% +5(A%), 1) ,

— 2+ (. —m)?
VMG L 20
Z(M—m) A,GSA

where

s(A)

Any fixed point v; with p in I, corresponds to an unstable fixed point for T?.

(iii) Any point in the interval

I, = (% —s(A"), % + S(/\*)> 21

corresponds to a stable v;‘; for the mapping T>.

Remark 1. The convergence d(vg, v;) — 0 is equivalent to weak convergence vg BN
v;; in the usual sense. If z; is associated with the spectral measure v and z*;, with v;, then,
in the Hilbert space this is equivalent to (zx —zJ,, y) — Oforany y € H, whereas strong
convergence would require ||z — z; | — 0. For R?, the two types of convergence are
equivalent, and thus Corollary 1 implies strong convergence. However, for H a Hilbert
space the equivalence is false, and indeed strong convergence generally does not hold.
The stability property (iii) is thus a weak statement when 7 is a Hilbert space. The L,
metric in H induces the Hellinger metric on the space of spectral measures, which defines
the same topology as the distance in variation, see [20], p. 364. Strong convergence in
'H is thus related to distance in variation in the space of spectral measures and is clearly
difficult to obtain — except in the special situation where vy has positive mass at {m}
and {M} and presents a spectral gap: vo[(m, m + €)] = 0 and vo[(M — €, M)] = O for
some € > 0.

We have vii2(dX) = H (v, A)ve(dAr), with H (vg, A) given by (29) in Appendix
A4. One may then notice that when vy is a discrete probability measure, the condition
H (v;",, A) > 1 used in the proof of the instability part of the theorem, see Appendix A4,
corresponds to a condition on the eigenvalues of the Jacobian of the transformation 72,
see [15].

Note that the stability interval Z; always contains the interval

1 1 1 1
- ———, -+ ——=] = (0.14645, 0.85355).
(2 2327 2 2ﬁ>
Numerical simulations for H = R>, with A having eigenvalues m < A < M, show that
for any initial density of xq in R? associated with a density of zo reasonably spread on
the unit sphere, the density of the values of p corresponding to stable attractors v;; can
be approximated by

ClogH(v;,A) if p € I

0 otherwise , (22)

¢(p) = Clog[min{l, H(v),, M}] = {
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Fig. 1. Empirical density of attractors (full line) and ¢(p), see (22), ford =3 (m =1, x =4, M = 10).

where C is a normalisation constant and H (v;",, A) is given by (30). Figure 1 shows the
empirical density of attractors (full line) together with ¢(p) (dashed line) in the case
m = 1,A =4, M = 10. The support of this density coincides with the stability interval Z
given by (21). When d > 3, the density of attractors depends on the initial density of xg.

6. Rates of convergence

We first state a property showing that different definitions of rates of convergence are
asymptotically equivalent, see Appendix A5 for the proof.

Theorem 6. Let W be a bounded positive self-adjoint operator in H, with bounds c and
C such that 0 < ¢ < C < oo. Assume that W commutes with A (when H = R%, W isa
d x d positive-definite matrix with minimum and maximum eigenvalues respectively ¢
and C). Define

(Wgir1, 8k+1)

RieW) = (Wgk, gk)

if llgkll # 0 and Ry (W) = 1 otherwise. Apply a P-gradient algorithm (3), initialized at
X0, with yx given by (4), for the minimisation of f (x) given by (1), with minimum value
at x*. Then the limit

n—1 1/n
R(W, xo, x*) = lim_ []‘[ Rk(W):|
n—

k=0
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Fig. 2. r(p) as a function of p, for p = 2 (bottom curve), 4, 8 and 16 (top)

exists for all xo, x* in H and R(W, xg, x*) = R(xg, x*) does not depend on W. In
particular,

n—1 /n
R(W, x0, x*) = lim (]‘[ rk>
n— 00

k=0
with ry defined by (9).

From the results of Section 3, we have

p(1—p)(p — 1)
[p+p(1—pIlA - p)+ pp]

forany W, where p defines the attractor, see (15), and p = M /m is the condition number
of the operator. The function r(p) is symmetric with respect to 1/2 and monotonously
increasing from O to 1/2, see Figure 2. The worst asymptotic rate is thus obtained at

p=1/2
—1\?
Rmax = <h> . (23)

Note that Vk, ry < Rmax since ry is not decreasing, see Section 2.4. For a typical xg
(such that the convergence is not finite, that is, such that » (p) # 0), the stability analysis
of Section 5 shows that only values of p in Z; given by (21) may correspond to stable
attractors. The range of possible values of R(p) is thus [ Rpin, Rmax], Where Rpax, given
by (23), is obtained for p = 1/2 and

R(W,x0,x™) =r(p) =

(p—1)?

Ruin < R'. =RA/2+1/2V2]) = —————.
< Ruin = RU/2+1/2V2) = =0



422 L. Pronzato et. al.

*

Figure 3 presents the range [R Rmax] as a function of 1/p, the upper curve corre-

min’
sponding to Rpyax and the lower to R;;lin. The maximum size of the range is 3 — 23/2 ~
0.1716, obtained at p = 1 4+ 24/2 + 2v/2 + /2 =~ 7.5239. These results confirm the
experimental observation that the rate of convergence of the gradient algorithm is gener-
ally close to its worst value Ry, see [14]. The same property is true for any P-gradient
algorithm.

Remark 2. A similar analysis for Dy defined by (12), which is also not decreasing,
shows that Dy — D(p) = p(1 —p)(M—m)2 ask — oo, with Dy < D* = D(1/2) =
(M — m)? /4 for all k. Also, for any typical xq such that p € Z; given by (21), we have
D(p) = D(1/2 + 1/12¥/2]) = (M — m)*/8.

Another quantity of interest is given by
AN = 10g(Rmax/ Rmin)/[10g(Rmax) 10g(Rmin)] -

Indeed, for N large enough, (Wgn, gn)/(Wgo, g0) = r(p)N, the number N of iter-
ations required for obtaining a ratio (Wgn, gn)/(Wgo, go) = € (¢ < 1) is approx-
imately log(€)/log[r(p)] and Apx|log(e)| thus indicates the length of the interval of
possible values for N due to the range of possible values for p. Direct calculation gives
Apn |1og(Rmax)| < 1/2 for any p and

Ay =p/8—1/44+0(1/p), 1/10g(Rmax) = —p/4+ O(1/p)

for large p. Therefore, the number of iterations required by a P-gradient algorithm to
achieve a given precision € << 1 varies at most by a factor 2 depending on the (typical)
starting point x, factors of variation close to 2 being possible only when p is large.

The average value of R(W, xg, x*) for zg = z(xp) uniformly distributed on the
unit sphere is the same for any P-gradient algorithm, more generally, the distribution
of R(W, x¢, x*) associated with a particular distribution of zo does not depend on the
particular P-gradient algorithm considered. Moreover, numerical simulations show that
the average value of R(1, xq, x*) is the same for the steepest-descent (P (A) = A Hand
minimum residues (P (A) = I) algorithms for x¢ uniformly distributed on the sphere
|lxo —x*|| = 1. The small deviations in average performance between different P-gradi-
ent algorithms can only be related to the fact that a fixed distribution for x¢ corresponds
to different distributions for z(xp).

Remark 3. Ttisknown that the introduction of a relaxation coefficient y, with0 < y < 1,
in the steepest-descent algorithm totally changes its behaviour, see, e.g., Chapter 7 of
[15]; the algorithm (2) then becomes xx+1 = xx — v [(gk, gk)/(Agk, gk)1gk. For H = R4
and a fixed A, depending on the value of y, the renormalized process either converges to
periodic orbits (the same for almost all starting points) or exhibits a chaotic behaviour,
with the classical period-doubling phenomenon in the case d = 2. In higher dimensions,
repeated numerical trials show that the process typically no longer converges to the 2-
dimensional plane spanned by (e1, e4). A detailed analysis for d = 2 and experimental
results for d > 2 also show that relaxation (with y close to 1) considerably improves the
rate of convergence. Similar results hold more generally for all P-gradient algorithms,
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Fig. 3. Range [R¥. , Rmax] of possible values of the asymptotic rate r(p) as a function of 1/p

min’

with the iteration (3) transformed into xx41 = xx — ¥ ¥k &k, With y the (fixed) relaxa-
tion coefficient and y; given by (4). Steepest descent with random relaxation coefficient
y € (0, 2) is considered in [19], avoiding the two point attraction and significantly
improving the behavior of ordinary steepest descent.

Appendix

A1. Proof of Theorem 2. The proof relies on Theorem 4 (Theorem 3 when H = R?),
which concerns successive transformations applied to a probability measure.

Since A is self-adjoint, its spectrum Sy is a closed subset of the interval [m, M]
of the real line and m, M € Sy4. Let E, be the spectral family associated with A,
and define the spectral measure vy by vi(dA) = d(Ejzk,zk), m < A < M. Since
(Zk, zx) = fniw v (dA) = 1, vy is a probability measure on the Borel sets of (0, co), with
vi([m, M]) = 1 Vk. This representation gives

w1 = (Azk, 2%) = /Avkm), na = (A%zk, 7)) = /xz v (dA)

where integration is over [m, M] unless otherwise specified. Therefore, for any Borel
set A the transformation (7) gives in terms of vy:

Ja [ = 2 o@D vednr
a2 u@ny = [ ¥ w@n]

The conditions (14) on zp are equivalent to ess inf(vg) = m and ess sup(vg) = M, see
Theorem 4, and the updating rule for v; can be written as (18). Theorem 4 then implies

Vsl (A) =
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(19), which can be written as: Ve > 0, ¢ < 8 = (M —m)/2,

(Emtezak, 22k) = P> (Ep—e22k, 22k) = P
(Emyezok+1, 22k+1) = 1 — p, (EM—ez2k+1, 22k41) > 1 —p,

as k — oo, where p depends on z9, 0 < p < 1. Define por = (Enspzok, 22k)s
p2ev1 = 1 — (Epypzokt1, 22k+1), and the angles ¢, ¢, by cosgp = /p, sing =
V1T =p,cos@, = /Pu, sing, = /1 — py, ¥n. Also define sox = Epp22k/ COS @2k,

$%+1 = Emyp2oks1/ sin @opy1, ok = (2ok — Emypzor)/ sinog, i1 = —(22k41 —
Em+pzok+1)/ cos gag41. This gives p, — p asn — oo, [lspll = [[tnll = 1 Vn, and

20k = COS @2k S2k + SIN @Yok Tok, Z2k+1 = SIN Y2441 S2k+1 — COS P2+1 D2ky1. Also,
Asy —msy|* = | 0. —m)*d(E
|As, —ms,||” = [ ( m)* d(Ejsy, Sp),

which, for n = 2k and any €, 0 < € < B, gives

m+p (r — m)2
| Asa — msall* = / ———d(Exz22k, 22k)

m D2k

m—+te - m)2 m+pB O — m)2
= / ———— d(Ex\22k; 22k) +/ ———d(Ex22k, 22k)

m P2k m+e D2k

62 ,32 m+-e
< — 4+ — |:P2k —/ d(Eyzok, sz)i| .

P2k P2k m

Since pox — p and ["TC d(Eszok, zok) — p ask — 00, || Asay — msx| — 0 as
k — oo. Similarly, ||Asok+1 — mso+1l| = 0 as k — oo and ||At, — Mt,|| — O as
n — oo. Consider now

Uy =CcosVy, s, +sind, t,, v, = —siny, s, +cosd, 1, .

Straightforward calculations show that ¥, = ¢, — ¢ gives (15) with ||u, || = |lv,|| =1
Vn. Also

[ Aup —muy|| < [cos Oull|Asy — msy|| + | sin 9, [(M —m),

and, since ||As, — ms,|| — 0,9, — 0asn — oo, ||Au, — mu,| — 0asn — ooc.
Similarly, |Av, — Mv,|| = 0asn — oo. |

A2. Proof of Theorem 3. We first prove that the mass of v; tends to concentrate on
two eigenvalues only. When vg is non degenerate, L > 1 from Jensen inequality, and
thus, since (L) is non-decreasing, see Section 2.4, Ly > L > 1. Now, from Lagrange

identity (- a?) (X b7) = X2 j(aibj — ajbi)® + (L aibi)
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d d
L (z xi[m%) (Z[zk]%/x,-)
i=1

i=1

e (5 52) ()

l<]
A A
_Z[Zk 2¥ +1.
Aidj
i<j

Let i; and j; denote the indices that achieve max; - j[zk]iz[zk]?. We have

i —2j)?
Ly < [z} [z5, Z # +1
i<j v
and thus
Li—1
EAH [Zk]i Z0= I o
Zi<j Aikj

Moreover, [Zk]izk + [Zk]ﬁk < 1 gives

§<[ulj <1-8and 6 <[z]}, <1-38.

Consider the matrix My given by (10). Its determinant can be written as

(i — 22 = M)2(hj — 1)?
det My = Z[Zk Zk]2 [z} - )i,')»j)»z :

i<j<l

Ai — A 2)"1'_)\" 2
z [Zk]izk [Zk]?k()\ik - )»jk)z Z [Zk]iZ( D7 i)

ik e hikihjy
5 >
= (SW Z [Zk]i
iFik, Jk

where

Sy =min [A; — A .
L]

Since det M — 0 as k — oo, see (11), we get Zi;éik,jk[zk]? — 0 ask — oo. The
mass thus tends to concentrate on A;,, A j, .

Next we prove that i and j; eventually become fixed. From the result above, Ve > 0,
ke such that 3 5 [2k]f < €, k > ke.

Consider the updating equation (16). We have for any i, (uk 1 — Ai N < (M —m)2.
Also, Dy, = (ul)2 > Dy, see Section 2.4. This gives for i # iy, jr and k > ke

(M —m)?

2
[zk1]; <€
+11; Dy
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Taking €; = 8Do/(M — m)* we obtain [zx41]7 < & fori # ik, jx and k > k,. Since

[z}, > 8 and [ze1 1, > 8,0 & {ik, ji) implies i & {ixr1, ji+1), k > ke, and

thus {ix, jx} = {i*, j*} fork > ke,.

We show now that {i*, j*} = {1, d}. Assume that i* < j* < d (which implies
[zk]‘zi — 0, k — o0). We need to show that (Ay — le)z > (Ajr — ;L’l‘)z for k large
enough. We have

1y = hislalp + ALzl + Y Mlzedf < hsladp + Ageladi + g Y [
i;éi*,j* i#i*,j*
Take €, = min{eq, 885 /Aq4}. For k > k¢, we have
[,L]f < )»i*[Zk]iZ* + )\.j*[Zk]?* +Ager < Aixd + Ajr(1 = 8) + Ager
< }\.]* — S(Sk +)\.d62 < )\'j*
and thus (Ag — ,ull‘)2 > (Ajx — u’f)z. From (16), this gives for k > ke,

<[Zk+l]d>2 _ Ga— k)2 - (e — ub)? _ <[Zk+1]j*>2
[zk]a Dy, Dy, (k]

and thus

<[Zk+l]j*)2 - <[Zk]j*)2

[zk+1la [zkla

We arrived at a contradiction since [zk]fl — 0 and [zk]i* is bounded from below by §.
Therefore j* = d. Similarly, i* = 1.

Finally, let L denote limy_, o L, see Section 2.4. There are only two discrete mea-
sures with nonzero masses on A; and Ay and such that wju—_; = L,

v(l):{h Ad }and ])(2)2{ Al )»d}
pl-p I—pp

with

1 p+1 1 oL

2 p—1\4 (p+1)2

and p = M/m. Direct calculation shows that vy = D gives Vg4 = v@® | hence the
convergence of v to the cyclic attractor v — v — (D ... O

A3. The proof of Theorem 4 is more technical than that of Theorem 3 and relies on a
series of lemmas stated below.

Lemma 1. Let v b_e any probability distribution on [m, M], 0 < m < M < oo with
moments j; = [ A'v(dA), i € Z (o = 1). Then,

1y — ut < D* = (M —m)*/4 (24)
pip_1 < L* = (M +m)?/(4mM) . (25)
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Proof. The proof relies on standard results in experimental design theory, see, e.g.,
[4, 21]. Consider the two linear regression models n1(6, A) = 6g + 61A and 2 (0, 1) =
6o/ A+ 61 \/X, with 8y, 61 the model parameters and X the design variable, A € [m, M].
D-optimum design (approximate theory) aims at determining a probability measure on
[m, M] that maximizes the determinant of the information matrix associated with a
particular model, here respectively

Mo M1 H—1 Ko
I = dI = .
1) (m Mz) and L) ( o m)

The function logdetI(v) is concave on the set of probability measures on [m, M],
and its maximum is unique. The Kiefer-Wolfowitz General Equivalence Theorem [8]
gives a characterization of the measure v* that maximizes detI; (v) = uy — ,u% and
detI>(v) = wip—1 — 1. In this case it corresponds to the two point measure, supported
at m and M, with both masses equal to 1/2. Direct calculation gives (24,25). One may
notice that (25) corresponds to the Kantorovich inequality, see [7] and [12], p. 151. (A
full development of this connection is presented in [17].) O

Lemma 2. Let v be any probability distribution on [m, M],0 < m < M < 00. Assume
that there exists an interval T C [m, M), |Z| < e and v(Z) > 1 — ¢, € € [0, 1]. Then,
Var(v) < a?/4 4 2e M?.

Proof. Define u; = f[m’M])»v(d)»), ur = [7rv(d)r). Then puy = puz + f[m,M]\I
Av(dX). Therefore, u7 < w1 < uz + eM. We get

Var(v) = /(x P < /(A — R v(dh) + (M — m)2e
A
= /I On — u)*v@dr) + (w1 — uD*v(@) + (M — m)’e.

Lemma 1 implies fI(A —up)?v(dr) < o?/4and (ug — pur)* < €2M? gives
Var(v) < a?/4 + €2M? + M?e < a®/4 +2eM? .
O

Lemma 3. Let v be any probability distribution on [m, M],0 <m < M < 00. Assume
thatVar(v) < €. Then, there exist an interval I such that || < €'/* and v(T) > 1—4./e.

Proof. TakeZ = [p1 —€'/*/2, 1 +€'/4/2], uy = [ A v(d2), and apply the Chebyshev
inequality. O

Lemma 4. Let v be any distribution on [m, M], 0 < m < M < oo. Define u;j =
J At v(dr) and

H—1 (o K1
M= | o mi w2
K1 p2 (43
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Assume that L = p_1u1 > 1 (which, by Jensen’s inequality, holds when v is not degen-
erate at a single point) and det M < €. Then, there exist two intervals 1| and I, such
that

. (M —m)e'/*
(i) 1Zi| < m, i=1,2,vZ)+v(d) =1 —4\/EM3/2,
3(L — )m?

(ii) max |[x — u—1| > i=1,2, (26)
XEI,'

4M —m) "’
4(L — 1)3M8m!'o
[32(L — 1) + M*(M — m)?]*>°

(iii) fore < e, =

2
m“(L—1) .
V(L)EW’I=1,2’ 27)
and max |x —y|>m+/2(L—1).
xEZl,yEIZ

Proof. (i) Consider the measure v’ defined by v'(A) = (1/u—1) fA(l/A)v(dA) for any
Borel set A C [m, M], and denote its moments by u; = (1/p_1) fki’lv(dk) =
Wi—1/m—1. Note that for any Borel set A

v(A) <V'(A) < v(A).
Mup_q mil—1
We have
,_[(Homm
M = Mg =M/u_1
Mo K3 Ky

and thus det M’ = det M/y? |. Also define D' = p) — (1})%, a = /D', b = (Wi —
,ué)/«/ﬁ, c =apy +bu) = [(/L’z)2 - M’lug]/«/ﬁ (note that a > 0, b < 0 and
c <0)and n = F(¢) = at® + bt — ¢, with ¢ having the distribution v’. Direct cal-
culation gives E'{n} = [ n(¢)v'(d¢) = 0 and Var'(n) = E'{n?} — (E'{n})? = detM/,
so that det M < € implies Var'(n) < €’ = €/u’ |- From Lemma 3, the interval 7 =
[—(€)'/4/2, (¢")1/*/2] is such that Pr{n € T} > 1 — 4/€’. Also, from the mean-value
theorem, there exist A < Ap such that A; € [m, M] and aAl.z +bri—c=0,i=1,2.
Direct calculation gives F (i) = F(u—1) = a(u/l)2 +buy—c= —(D")3/2, and thus

m<i <l/u_1 <t <M.
Take B8 = (M — m)(e')'/4/[2(D")3/?], we get

FOa+B) <=2, Fu = B) > ()42,
FOa+p) > ()42, FOm—B) < —()/4)2,

and v(Z)) + v(Zp) > 1 —4/eM3/?> when I; = [A; — B, + Bl, i = 1,2, with

ITi] =28 = (M — m)e" /412 } /(L — 1)32 < (M — m)e 4/ [m®/4 /(L — 1)3/2].
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(ii) Define y; = p} — A1, y2 = A2 — ), so that max,cz, [x — p—1| > y; and
max,e7, X — (-1 > y2. We have F(A) = a(A — A1)(A — A2) and thus y1y; =
—F(u))/a = D'.Also, |y2—yi| < yi+y2 < M—m,sothat D’ > y;(y;+M —m),
i =1, 2, and thus

Mom [ [ 4D | D D’ 1
;> ——1|>— 1) ,i=1,2.
Vi 2 (M —m)? M—m M—mp2) !

Lemma 1 gives D’ < (M — m)?/4, so that

y; > 3D'J[AM —m)] > 3(L — Dm*/[AM —m)], i =1,2.

(iii) Define y = v/(Z»), part (i) implies v'(Z}) > 1 — 4v/¢’ — y, and from Lemma 2

L (M —m)2/eE -
D Sw+2(4\/6—+)/)M2,

which gives

D’ - [(M —m)?
= 3 =V |ty )

and thus y > D'/(4M?) > (L — )m?/[4M?] for € < €, < [4(D")81/[(M — m)? +
32(D)>*M?2, see (27).

Define now A = max,c7, yez, |¥ — y|. Lemma 2 gives D" < A%/4 + 8/’ M2,
which implies A2 > 4D’ — 32M?%+/€’. Since € < €, implies Ve/ < D'/(16M?), we
get A > 2(L — l)mz. |

Proof of Theorem 4. The proof follows the same lines as that of Theorem 3 and is divided
into four parts. In (i), we construct sequences of intervals £y = [my, mg + 8] and
Ri = [My — 8, My] in which the measure v; will tend to concentrate. In (ii) we prove
that Ry N Ri+1 # ¥ and in (iii) that the sequence M} is non-decreasing. Finally, the
limiting behaviour of vy is derived in (iv).

(i) We have seen in Section 2.4 that det My — 0 as k — oo, with My given by (10).
Therefore, given €, 3K, such that Vk > K, det My < €. Define Ly = ,u’fuk_l and
note that Ly > 1 because no v is degenerate at a single point. Using Lemma 4,
for € small enough, for any k > K there exist two intervals Ik, Ig, with width at
most

(M — m)e'/4

§=24(e) = Ly — 132

and such that vk(I]];)+vk(I§) > 1—4/eM3? v (TF) > m* (L — 1)/ (4M?), v (Th) >
m2(Ly — 1)/(4M?). Also, Max, 7& y o7k |[x — y| = my/2(Lx — 1). Without any loss
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of generality, assume that I{‘ is the interval on the left. Define £(x) = [x,x + 8],
R(x) = [x - 85 x],

Xf = Arg max (v [£(0)]. L(x) N 5 £ 0y,
X = Arg max(w[R(x)], R(x) N 5 £ 0y,

and my = min X*, M; = max X,’g, Ly = L(my), Rx = R(My); that is, My is the right
endpoint of an interval Ry, intersecting I§ , with maximum measure, and similarly for
my and Ly. Note that v (£r) + v (Ri) > 1 —4/eM3/%, v (L) = m? (L — 1)/(4M?)
and v (Ry) > m*(Ly — 1) /(4M 2). The situation is the same for the two sequences of
intervals (Lx) and (Rg), and we concentrate on () in the rest of the proof.

(ii) We show now that Ry N Ry4+1 # @. Again for € small enough ,u’l‘ ¢ Ry and
A—u]f > My —8—,u]1‘ on Ry so that

A — ub)? R
vk+1(Rk>=/ Gl any = R sk
R Dy, Dy
2 _
> M(Mk—fS—M]f)z

~  4M?2D*

with D* the maximum possible value of Dy, D* = (M — m)?/4, see Lemma 1. By
construction, max T2 [x — u’l‘ | < My +6 — ,u,']c , and thus, from Lemma 4,

3mA(Ly — 1) . 3m2(Lo — 1) _

My — uk+8
KRR O Ty T A —m)

(28)

Choosing € such that § < C/4 gives My — § — u’l‘ > C/2 and thus

2 2 6 3
m“(Ly —1) C N Im®(Lg — 1)
v Ri)> ———— — >vp=——>F7— "
e Re) > = e 4 2R T o2 = )

Choosing now € such that 4,/e M>/? < vy we obtain Ry N Ry41 # ¥ for any k > K.
(iii) We prove now that the sequence (My) is not decreasing starting at some K. for
€ small enough. Take k > K. and assume that My, = My — B8, 8 > 0. Then
note that 8 < § since Ry N Rix4+1 # @ by (ii) above. Consider the difference
Vit 1 (Ri) — Vi1 (Rie+1) = vk 1 (M — B, Mi]) — v 1 (Mg — 8 — B, My — 3.
Assume first that v ([My — 6 — B, My — 6]) = 0, then v (Ri) > Vi1 (Ri+1),

which is impossible by construction. We can thus consider the following ratio

vyt (Mg — B, Myl) i ,3& — )% ve(di)
Vi1 (Mg — 8 — B, M —81) f e ﬂ(k 152 v (dn)
L (M= B—p)? oMy = B Mi)
(Mk—(S— 152 ve((My — 8 — B, My — 5]

Since My — 8 — uk > € —28 > 28 for C > 48, see (28),and f < &8, (M — p — %)% >
(M — 6§ — ,u]f)z. Also, by construction,
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0 < ve([My — B, Mi]) — vie(IMy, — 6 — B, M —8])
= ((Mr — B, Mi]) — v ((My — 8 — B, My — 6]).

This gives

Vir1 ([My — B, Mi])
V1 ([My — 8 — B, My — 6])

Therefore, B > 0leads to vit1(Rk) > vi+1(Ri+1), which is impossible. We thus obtain
My4+1 > My fork > K.

(iv) Since the sequence (M) is non-decreasing and bounded from above (by M), it has
alimit M, > M. The same is true for my, and m; — m, as k — o0o0. We have thus
proved that for any § small enough and any k larger than some Kj,

AM32m®2 (Lo — 1)%82
(M —m)? '

Vi ([My — 8, My ]) + vi([my, my +6]) = 1 —

Assume that M, < M. This would imply vy ([M — 8, M]) — Oask — oo foré <
M — M. On the other hand,

vt (M — 8, M) - vi(M — 6, M])
Vi1 ([Mye — 8, M)~ we([My — 8, My])’

which leads to a contradiction since vg([M — 8, M]) /v ([My — §, M,]) is then increas-
ing and vg ([My — 8§, M,]) is bounded from below. Therefore, M, = M, and similarly
my = m, with, for § small enough and any k larger than some K, vy ([m+ 38, M —§]) <
4M3?m°®%(Ly—1)382 /(M —m)?>. Finally, from Helly’s Theorem, see [20], p. 319, from
the sequence (v;) we can extract a subsequence (v, ) that is weakly convergent, and from
the result above the associated limit has necessarily the form v;‘,, where v;§ is the discrete
measure concentrated on the two points m, M, with v;‘; (m) = p, v;’; (M) =1— p.Since
Ly, converges to some L, v is such that the associated value of pu—1 is equal to L,

P
which only leaves two possibilities for p (and 1 — p):

I p+1]1 oL
p=sEt— | -5
2 p—1V4 (p+1)

where p = M/m. Applying the transformation 7', we get vg, 41 = T (v,) — T(v}",) =
vE . m|
1-p

A4. Proof of Theorem 5.

(i) It is straightforward to check that T2(v;) = v;, Vp e (0, 1).
(ii) We assume that S4 is not reduced to {m, M} (otherwise Z, = ¢). We have
Vk+2(dA) = H (vg, A)vr(dd), with
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O = DG = pi™H?

Hi, )) = (29)
Dy Di+1
see (18), with /ﬂf, Dy defined as in Theorem 4. For vy = v[’;, it gives
M(1 — p)+mp — AP [Mp +m(l — p) — 1]
HS, ) = (M(1— p)+mp—A"[Mp+m(l — p)— 2] . (30)

p*(1 = p)*(M —m)*

One can then check that for any p € Z,, max;cgs, H(v;, A) = H(v;, A*) > 1, with
A* = min, g, s(A). Therefore, for any p € Z,, one can choose € small enough, such
that d(vy, v;“,) < € implies vgy2([a, b]) > K,vi([a, b]), for some K, > 1 and some
a,bsuchthat m +€¢ <a < b < M — € and [a,b] N Sy # @. For any ¢ > 0,
o < 1 — p, take an initial measure vy putting mass p at m, | — p — « at M and o
in the interval [a, b]. It satisfies d (v, v;) < «, and, for any m, either d(vy,,, v;’;) > €
or vogui1y([a, b]) > Kpvau([a, b]). The later case gives vo, ([a, b]) > 2¢, and thus
d(vom, v;’;) > €, as soon as m > log(2¢/a)/log(K ), which shows that v;“, is unstable.

(iii) Part (a) concerns the case where a spectral gap is present, with point mass at m and
M. The proof for the general situation is more technical and is sketched in part (b).

(a) Assume that the measure vy has a spectral gap: v9 = 0 on (m,m + s) and
(M — s, M) for some s > 0. Take y < s and assume that d (v, v;‘,) < o < y with
p € Z;. The arguments go as follows. First we bound va{(m + y, M — y]} by 2Ko« for
some Ko < 1, then we bound v2{(M — y, M]} by 1 — p + K« for some K| < co. We
show that d (v, V;z) < Koa for some pj such that |py — p| < (Ko + K1)«. Stability
will then follow by an induction argument.

The maximum value of H (vg, 1) for A varying in [m + y, M — y] may be reached
for some A* € (/L(l), /,L%) or at one of the two points m + y, M — y. Now, for o small
enough H (v, A) will be close to H(v;‘;, A) given by (30), and p € Z; implies

max H(vg, M) < 1. 31D
reSanuduh

Consider the function H (vg, 1) at . = M — y. We can write

dH(v;,A)

Ho, M =) = Hvp, M) —y — 2=

+ Fu(vhivo, M)+ O(y?),  (32)
M

with Fgy (v;‘,; v, M) the directional derivative of H (v, M) at v[’; in the direction v,

H[(l - B)v*+ Bvyg, M]— HWV:, M
Fry (v vo, M) = Tim L~ Py + Pvo W M
b B0+ B

Define Fy (v;, x,\) = Fpg (v;‘;; 8y, A) with &y the delta measure supported at x. We have

M
Fiy (v vo, M) = / Fr (v x, M)ve(dx) |

m



Asymptotic behaviour of a family of gradient algorithms in R¢ and Hilbert spaces 433

which we decompose in three parts:

m+y M-y

Fu (v, x, Myvo(dx) + / Fu(v5, x, Myvo(dx)
m+y

Fr(vy;vo, M) = /

m

M

—|—f FH(V;,x,M)vo(dx).
M-y

Direct calculation gives

(x —m)*(M —x)[x —m + 2p — DY(M — m)]

Fiavp 3 M) = P20 = p)2(M —m)?*

so that FH(U;‘;,m, M) = FH(U;‘;, M, M) =0and FH(U;;; vo, M) < F*vo{(m+y, M —
y1} with F* = max ez, xefm, M) FH(v;,x, M) < o0. Also, d(vg, v;‘;) < « implies
vof(m +y, M — y]} = vo{(m + o, M — «]} < 2«, so that FH(U;; vo, M) < 2aF*.
Now,
dH(v;,k) 2

di  p=m  p(l—p)(M—m)’

Hi M) =1,

which, together with (32) gives for y small enough

14

HWwy, M —y) <1+2aF* —
p(1 — p)(M —m)

and thus

14
2p(1 = p)(M —m)

H(VO’M_)/)< 1 -
fora < y/[4F*p(1 — p)(M — m)].
The situation is similar at m + y . Together with (31) this implies for o small enough

max H(y,A) < Ko <1
reSanim+y,M—y]

and therefore,
w{m+y, M —yl]} <2Kpa (33)

with Ky < 1 not depending on «.
Consider now the interval (M — y, M]. We have

v{(M —y, M1} = va(M) = H(vo, M)vo{(M — y, M1} = H(vo, M)vo(M) ,
with d(vo, vj,) < o implying vo(M) <1 — p + o, and
H(vo, M) = H(v%, M) + F(V}; v, M) + O(®) < 1 4+ 2aF* + O(a?) .
This gives for o small enough

{M -y, M} <1—-p+Kia
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for some K| < oo. Similarly, vo{[m,m + y]} < p + K1«c.
Define pg = p, po» = [va(m) — vo(M) + 1]/2, g = . We obtain

—Koop < va(m) — pr <0, —Kooxo < vo(M) — (1 — p2) <0
which together with (33) implies
d(v, v;) <oy = Koag .
Moreover, |p2 — pol < (Ko + K1)op.
For o small enough, p, € Z; and we can then repeat the same arguments. This gives
for any m

*
d(vom, szm) < oym = K(’)n‘x

with

m—1

| | < (Ko+ K1) ) (K—i—K)l_
| < -
P2m — P 0 1 '00121 0 1 11—
1=

K6" Ko+ Ky
o< o
Ko 1 - Ky

and py,, € Zs, for o small enough. For any p € Z; and any € > 0, taking vg such that
d (v, v;‘;) < «a with o small enough thus implies d(v2,,, v;) < € for any m, and v;‘, is
thus stable.

(b) Consider now the general situation. The proof follows the same lines as in case
(a), but more technicalities are required since we need to consider measures of intervals
of the form [m, m + y] and (M — y, M], with y decreasing in a suitable way as the
number of iterations of the mapping 7% increases.

Assume that

vor{(m + vok, M — yarl} < 200k,
var{lm, m + yarl} < pak + a2k,
vor{(M — yai, M1} < 1 — pog + ok

for some pyy € Z; and some oy, y2x. Note that it implies d(vax, v;‘,Zk ) < 2k and that

for k = 0, g, yo can be chosen arbitrarily small, with d (v, v;) < «aq for some p € Z;.

Consider one application of the mapping 72 at a generic iteration k. We can write
H(vox, M) = HW%, . M) + Frr (v}, s var, M) + O(y3,) with

o
m+y2k
Fr(vh,; vae, M) = / Frr(v%,,, %, M)vo(dx)
m
M=y
+ Fr(vy,, . x, M)vy(dx)
m+y2k

M
+ f Fr (v, x, Myvae(dx)
M—yax
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The firstintegral term is of the order O(ka) (since FH(szk’ m, M) =0andd Fy (VPZk’ Z,
M)/dz|;=m = 0), the second is bounded by 20 F* + (’)(y2k), as in case (a). For the
third term, for which x is close to M, we can use the linear approximation

dFy (v, .z, M)

F L My=(x-M O
H(vpzk ) = (x ) dz iy + O®ya)
—2(x — M) 5
= + O(yy)
k(1 — po)>(M — m) 2*
which gives
fM Fy(vh, . x, M)vy(dx) 2 I (M) + O(y3)
HWV, X, wrdx) = 2k
My TP Pl — p2)®(M —m) "2k
where Lo (M) = [J** zv5, (dz) with v}, the measure obtained after applying the trans-
formation x > z = M — x. We have thus obtained
2D (M
v, M) < 1+ 2 F* + 2D og2y. 6

P2k (l — pa)>(M — m)

Consider now the behavior of I, (M) as k increases. We assume that vy, remains in
some neighborhood V(p) of v*, which we shall be able to guarantee afterwards. De-

fine Ay (M) = Ly(M)[f* vék(dz)]_l. It satisfies Iox(M) < A (M) < yax. Also,
Y2(k+1) < Y2r implies

V2(k+1) zH (vop, M — Z)Vék(dz) )/zk ZH(vap, M — Z)vék(dz)
fyz(k“) H (vor, M — 2)v5,(dz) m H o, M — 2)v, (dz)

Ao+ (M) =

and, since H (vyx, M — z) decreases for z close to zero,

Yok, Hox, M—2) v
Asgsry(M) < 0 Hone ) Y2k (d2)
+
0V2k v2k (dZ)

We can bound the speed of decrease of H (vog, M —z): Hwv, M —2)/H(v, M) < 1—az
for some a > 0, any z in [0, yp] and any v € V(p). This gives
7 2(1 — az)vh, (dz)

)/21( VZk(dZ)

Azk+1) (M) <

Repeating the same arguments we get for any n > 0,

)’Zk Z(l _ az)”v (dZ)

Aoty (M) < Ay (M) = T vl (d2)
2k

)

with AZ(H,,) (M) decreasmg with n. Direct calculation gives Z 0 A2(k+n) (M) =1/a,
and therefore Iy (M) < Asy (M) = o(1/k).
Similarly to case (a), we can write

2Y2(k+1)

+0H2),
pox(1 — po)(M — m) (rae)

Hp, M — yage+1y) = H(vop, M) —
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with H (vox, M) bounded by (34). Assume that y»; is such that Ay (M) = o(y>) and
o = o(y2r). We obtain for poy close enough to p

Y2(k+1)
p(1 — p)(M —m)

HWu, M — voic+1)) < Bok+1y =1 — (35)

We thus get the following bounds on the measure of subintervals of interest at the next
iteration:

v+ + V2k+1), M — vauern]} < 2max{Bak+1). Kook (36)

where Ko = max,, ¢y (p) max k1) H (vak, 1), and Ko < 1 for p in Zy; and

reSan(uit,u?
V(p) small enough, see part (a);

V2k+ DM — va+1), M1} < v+ {(M — yox, M1}
< H ok, M)vor{(M — yor, M]}
2Ax (M)
pau(l — p)*(M — m)
< v{(M — yok, M1} + Bagy + CAg (M) + Dy3,

< [1 + 200, F* + + O(szk)] vor{(M — yor, M1}

for some B, C, D < oo. Similarly, we obtain

Vg ilm, m 4+ yagenl} < vallm, m + yul} + Bag + C Ay (m) + Dy

where Ao (m) is defined similarly to Ao (M). Define D2(k+1) as

kD im, m + vog+nlt — vag+ ) {M — 241y, M1} + 1
P2(k+1) = ) ,

it gives

0 < p2kt1) — 2y {lm, m + yager 1} < max{B2+1), Kook ,
0 <1—=p2ik+1) = 2 D{M — y2icr1y, M1} < max{Bout1), Kojaok -

Together with (36) it implies d (V2¢k+1), VZZ(IH—I)) < V2(k+1) < Y2k, With

| P2t 1) — paxl < Aok = [B 4 1+ max{Bog+1), KoYlaak + C Ay + Dy,

where A/Zk = max{Ax (m), Ay (M)} and Dk A_/Zk < 00.

Define ap(x+1) = max{Bau+1), Ko}aok and take yor = 1/k9 with ¢ < 1, so that
A/zk = o(yz_k). From the definition of By+1), see (35), Zk o < oo and o = o(y2x).
Since ), A}, < 00, taking g > 1/2 in the definition of yy; ensures ), Ay < oo.
We can repeat the same argument, and d(V2(k+n), v;“,z(k+n>) < V2(k+n) Which tends to
zero as n increases, With | pa4n) — p2x| remaining finite. v2(,) thus remains in some
neighborhood V(p) of v; for any n, and V(p) can be made arbitrarily small by choosing
o and yp small enough. O
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AS. Proof of Theorem 6. Assume that xq is such that for some k > 0, || gr+1ll = O
with ||g;]| > O for all i < k (that is, xx+1 = x™ and x; # x* for i < k). This implies
Ry (W) = 0 for any W, and therefore R(W, xq, x*) = R(xg, x*) = 0.

Assume now that || gx|| > O for all k. Consider

n—1 1/n n—1 1/n 1n
(Wgk+1, 8k+1) (Wgn, gn)
Vo= | ] Re(w) [ 2o 8l [M] .
k=0 i Wk, &) (Wgo, go)
We have,
VzeH, clzl* < (Wz,2) < Cliz|l?,
and thus
1/n 1/n
(c/O)M/" [M} <V, < (C/o)\/ [M} ‘
(g0, go) (g0, 0)

Since (¢/C)!/" — 1 and (C/c)"/" — 1asn — oo, liminf,_, « V,, and lim sup,_, o,
V,, do not depend on W. Take W = P(A); it gives Ry (W) = ry = 1 — 1 /Ly, see (9),
which is not decreasing, and thus lim,, ., V;, = 1 — 1/L for any W. |
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