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Abstract

Let X be a compact subset of R? and {2317 . ,mN} be a sample of
random points in X'. It is well-known that any properly organized strat-
ified sampling procedure is superior to the independent sampling with
respect to the variance of Monte Carlo estimates of integrals of functions
in Ly(X). We prove similar results for some perfomance characteristics
important in global optimization. We also demonstrate that the stratified
sample with the maximum stratification is optimum, in a suitable sense.

1 Introduction

Let (X, B, P) be a measure space, X be a compact subset of R, B be the o-
algebra of Borel subsets of X and P be a probability measure on (X, B), we call
it uniform distribution. Let also F C C(X) be a functional class, N be a fixed
number, = = (z1, T2, ...,vx) € XN, M[f,Z] = max,,c= f(7:).

If = is a random vector in XN with certain distribution Q(dZ), then the
ordered pair II=(M|[f, Z], Q) is called random search procedure for the global
maximum of f € F.

Consider a partition P, of X into m disjoint connected subsets of positive
measure:

m
P : X:U X;, X; €B, inP(Xi)>0 fori=1,...,m, AX; ﬂXj:Q) for 275]

i=1
Since P is a probability measure, Z;’;l q¢; = 1. Define the uniform probability
measure P; on X; by P;(A) = P(AN X;)/q; for every A € B.

Given a partition P,, and a collection of integers L = {l1,...,l,,} such that
2211 l; = N, the stratified sample Z,, 1, can be defined as

E'm,L = (1:171’ ey Ty Tmdy e 7xm7lm,) (1)



where for every ¢ =1,...,m, z;1,...,%;;, are independent random variables
with the uniform distribution P; on X;. (In practice, an additional randomiza-
tion on the order of generation of z; ; is sometimes useful as well.)

We shall call the stratified sample (1) proper stratified sample if the number
of points in AX; is proportional to ¢; = P(X;), that is,

li=Ngq; forall i=1,....,m. (2)
The joint distribution of the random vector (1) is

l’NL

15t
Qmr(dEm.r) = [ Prldzri) x ... x [ Pr(dam.,)-

11=1 im=1

The random search procedure Il,, 1 = (M[f,Em 1], @m.) with m > 1 corre-
sponds to the stratified sampling on X, and II; = ITI; y = (M[f,E1,n5], Q1.N)
corresponds to the independent sampling from the distribution P.

For a fixed f € F, let U;(II) be a criterion for comparison of procedures II.
In line with the general concept of domination, we say that IT dominates II’ in
Fif Up(I) < Wy(Il') for every f € F and there exists a function f, € F such
that Wy (IT) < Uy, (I1).

Below we consider two related dominance criteria: (i) the cumulative distri-
bution function (c.d.f.) of the record value M[f,ZE] = max,,cz f(x;) achieved
at the sample points, and (ii) k-th moment of the difference maxy f — M|[f, E],
for every k > 0. Some other criteria are studied in [1]. The results of the paper
confirm the assertion of [1] that the "reduction of randomness” and ”increase
of uniformity” improves the performance of Monte Carlo procedures for global
optimization.

2 Stochastic dominance with respect to the record
value

Let us consider the stochastic dominance when the criterion W ;(II) is the c.d.f.
of the record value M|[f, Z] = max,, ez f(z;):

Fyu(t) = P(M[f,Z] <t), ¢ € (min f, max ). (

3)
In this case, the dominance of a procedure II over II' in F means that Fy(t) <
Frv(t) for all real ¢ and f € F and there exists f. € F such that Fy, n(t) <
Fy, w(t) for all t € (min f,, max f.).

Theorem 1. Let P,, be a fixed partition of X’ into m < N subsets, F =
CP(X) for some 0 < p < oo and I, , = (M[f,Emn,1],@m,) be a stratified
sampling random search procedure such that L={l1,...,l,}, {;>0, > 0" ;=
N. Then



(1) if the stratified sample =, 1 is proper, that is (2) holds, then the strat-
ified sampling random search procedure II,, j stochastically dominates
the independent random sampling procedure II; in F, with respect to the
criterion (3);

(ii) if (2) does not hold for at least one i, then II,, ;, does not stochastically
dominate II;: there exists f* € F such that for some t F,, r(fs,t) >
Fi(f,t) where Fp, 1(f,t) = Frm,, . (t) and Fi(f,t) = Fym,(t) are the
c.d.f. (3) for the stratified and independent sampling procedures, respec-
tively.

Proof. Let f be an arbitrary function in F. Then the c.d.f. Fy(f,t) for the
independent sampling procedure Iy = (M|[f, 21 n], @1,5) can be rewritten as

Fl(f,t):P(f(xl,j)§t7j:1,"'7N):PN(f(l.l,j)§t):PN(At)

where A; = f~1((—o0,t]) is the inverse image of the set (—oo,t]. Since {X;},
is a complete system of events, we have

m

P(A) = > P(A,N X)) gyl
i=1

where

Bi=PANX), i=1,....m, Y f=PA) <L

For the stratified sampling procedure I, 1, = (M[f,E.,.L], @m,) the c.d.f.
F,,,.(f,t) can be analogously rewritten as

Foo(f,t)=P(f(x11)<t,..., flxr1,) <t,..., f(Tmy,,) <t) =

We thus have

m m I,
[T7 (fi)<t) =[] PUF (i) <t} 02 /an)" H(ﬁl)
=1 =1 i=1 [
For every i =1 set
l; A
V=N oaz% (AN X;)/P(X;)



Then
0<y<l, 0<a; <1 for i=1,...,m, Z%:l
i=1

and the vector « = (a1, ..., q,) may get any value in the interior of the cube
[0,1]™ depending on f and t.

The representations for the c.d.f. F,, 1(f,t) and Fy(f,t) and (4) imply that
the following two inequalities are equivalent:

m

m
Fnr(fit) <F(f1) <= [[e? <D e
i=1 i=1
which we rewrite in a more convenient form

Fui(f,t) S Fi(fit) <= ) miloga; <log (Zm) (4)

i=1 i=1

Analogous equivalence takes place when the sign < in (4) is substituted for the
strict inequality sign.

Let us now prove (i). If (2) holds then v; = ¢; for all i = 1,...,m and the
validity of the second inequality in (4), for every a € [0,1]™ and thus for every
f € F, follows from the concavity of the logarithm. Consider a function f, € F
such that 0 < f <1, fu(x) =0 for all x € A} and maxzecx, = 1. Then

o1 :P(AtﬂXl)/P(Xl) =1 and as :P(AtﬂXg)/P(Xg) <1

for all t € (0,1) = (min f, max f). Therefore the values «; are not all equal each
other and the strict concavity of the logarithm implies the strict inequality in
4).

Let us now turn to (ii). Assume that (2) does not hold. Then there exists
ip < m such that v;, < g;,. Consider a function f* € F such that f*(z) = 0 for
all z € X\ &, and maxzex,, = 1. Then a; =1 for all j # 4¢ and a;, gets all
values in (0,1) depending on .

Let us show that for the function f* the inequality

> viloga; > log (Z Qiaz) (5)
i=1 i=1
holds for all sufficiently large o, < 1. Denote € = 1 — 5, > 0 and rewrite the

inequality (5) as h(e) > 0 where

h(g) = i, log(1l — &) —log(1 — ¢;,€) -

At ¢ = 0 we have h(0) = 0 and h'(0) = —v;,, + ¢, > 0, where we have
used the fact that v;, < gi,. This implies h(e) > 0 for all sufficiently small



e > 0 and therefore the validity of (5). In its turn, it yields that the inequality
Fo n(f*,t) > F1(f*,t) holds for all ¢ sufficiently close to 1. [

Corollary. Analogously to (i) in Theorem 1 we can easily get that if m’ <m,
Py, is a subpartition of a partition P, =, 1 is a proper stratified sample
and IL,, ; and Il ;- are the random search procedures, corresponding to the
stratified samples =, 1, and E,,/ 1/, then II,, 1 stochastically dominates II,,/ 1
in F = CP(X) for every 0 < p < oco. This particularly implies that the stratified
sample Z,, ;, with the maximum stratification, that is, when P(X;) = 1/m and
L =(1,...,1), generates the best possible random search procedure II,, 1, with
respect to the stochastic dominance based on the c.d.f. (3).

3 Asymptotic criteria

In the present section we only consider proper stratified sampling procedures
II,,; = I, where P(X;) = 1/m and [; = [ for all i = 1,...,m. We also
assume that N = ml, [=const, m — +o00, that is, the number of subsets in the
partition P, tends to infinity but the number of points in each subset stays
constant.

As the criteria for comparison of procedures, consider now k-th moment
of the random variable (M[f] — M[f,Z,,,]) where M[f] = max,ex f(z) and
Em,l = Eva for L = (l, . ,l):

‘ljf(mJ) :E(M[f] _M[fv‘EmJ])ka kE>0. (6)

Theorem 1 implies that the stratified sampling procedure II,,; is superior to
the independent sampling procedure IT; y with respect to the criteria (6), for
every k > 0. Theorem 2 below establishes the qualitative result concerning this
superiority.

Let the class of distributions { P} and the functional class F, of continuous
functions f(x) = ¢(x — x.) with a unique point of the global maximum z.(f),
at this point f(z.) = M|f], satisfy the following two conditions.

Condition A. For the c.d.f. Ff(t) = ff(z)<tP(dx), the function Vy(v) =
1—Fp(M[f] —1/v),v > 0, regularly varies at infinity with some index —a < 0,
that is, lim,_oc Vy(uv)/Vi(v) = u= for all u > 0.

Condition B. The point z, has a certain distribution R(dz) on (X, B)
which is equivalent to the Lebesgue measure on (X, B).

The above conditions have been introduced and studied in [1,2]. It is shown
in these works that conditions A and B hold in a rather general setup. Condition
A is satisfied, for example, when X is a compact subset of R?, the measure P is



equivalent to the Lebesgue measure in some neighbourhood of z., V¢(0) = 0,
and the matrix V2¢(0) is non-singular, in this case o = d/2.

The following theorem generalizes to arbitrary k > 0 the result of [1] for
k=1,2.

Theorem 2. Assume that the conditions A and B are satisfied, N = ml,
l=const, m — oco. Then for every k > 0 with R-probability 1

Ty(m,l) _ EM[f] - M[f,Ema))*

Us(1,N) - E(M[f] — M|[f,Z1.n])F =r(l,k,a)+o(1), N— +oo, (7)

where
e +1)
r(l ko) = ma (8)

and I'(+) is the gamma function. Moreover, r(l,k, ) < 1 for every I, k,a >0,
function r(I, k, @) is strictly increasing as a function of I and
limj oo r(l, k) = 1.

Proof. If the condition A holds, then

NHT FN(M 4 (M — 0x)t) = exp{—(—t)*}, Vt <0,

where F' = Fy, M = M[f] = max f and Oy is the (1 — 1/N)-quantile of the
cdf. F F(fy)=1—1/N. This implies

M —F7'(y) ~ (M —0x)(—Nlogy)"/*, N — oo, Vye (0,1]

For the independent sample

+oo
V(L N) = BOUL) - MULEa) = N [ =) P @)dF (o) =

N/Ol(M—Fl(y))'“yN1dy~N/O1 ((M—9N)(—N10gy)1/“)kyN’ldy=

1
1
Nk (AL — 9N)k/ (logg)k/“yN’ldy =
0

—+o00
Nk - gN)’f/ Mee™Nady = (M — On)*T(k/a + 1)
0

Therefore,

E(M[f] — M[f,Z1 N))* ~ (M — 05)*T'(k/a+1), N — o0 (9)



Consider the stratified sample. By the condition B, the probability that the
point of the global maximum of f is on the boundary of one of the sets X; is
0. Consider [ largest values from the collection {f(z;;); ¢ = 1,...,m; j =
1,...,1}. Since f is a continuous function and the global maximum is attained
at a single point x,, then as m — +oo all [ points with the largest function f
values are located in one set, denote it X;, . Therefore

m—1

Fo(t) = P, (f(x) <t) :m(P(f(x) St)—m) =mF(t)—m+1.

Let 04 be the (1—1/1)-quantile of the c.d.f. F(t). Since

1 1
1—F,(0s)=1/1, 1 —mF () + m—1=1/l, 1_F(901):m:g’

we get Oy = 0.
Since F'(t) satisfies condition A

Fo(M + (M — 1)) ~ mexp{—(—t)"/(lm)} —m + 1~ 1 — (—£)%/1.
Hence
M — F; M y) ~ (M —0x) (11— )"/, m — +oo.

When m — oo, we thus get for every k > 0

+oo
W (m, 1) = B(M[f] — M[f, Zp1])" = 1 / (M — 2)* F= () dFs () =

—00

1 1 k
l / (M = F (y) y' ~dy ~ 1 / (1 =001 = )t/ 'y =
0 0

k/a+ D)IF/ T (1 +1)
D(k/a+1+1)

1
r
(M — f)F1++/e / Y11= )y = (M — )
0

This and (9) yields (7).
Let us now fix k,«a and study the function r(I) = r(I,k,«). Since r(1) =
1/T(2+ k/a) < 1 and the application of the Stirling formula yields

. . 1F/(2ml)Y/? exp(—1)1!
lim r(I) = lim =1,
A= I G k) 2 exp{— (U + k) } (0 + ko)

to complete the proof we only need to show that the function r(l) is strictly
increasing. Indeed,

logr(l4+1) —logr(l) =log |1+ - k/a—lo 1+k:/7a
&" BTV =08 l & [+1



This expression is positive for every [, k,a > 0 since

k/a k(k
1 ki/Oé - k1 E(a*l) 1 k1 k1 o
(1+z> _(1+l+1)_<a1+2!z2+"‘ “Mtrapt) =

k(kjo—14+2!" (k/ao—1)(k/a—2)—3!
a( oz * 313 +>

and the positivity of the last expression follows from the fact that this series is
alternating with rapid convergence and positive first term. [ ]
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